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Abstract. Let X be a finite dimensional compact metrizable space. We study a teciinique 
wiiicii employs semiprojectivity as a tool to produce approximations of C(X)-algebras by C{X)- 
subalgebras with controlled complexity. The following applications are given. All unital separa- 
ble continuous fields of C*-algebras over X with fibers isomorphic to a fixed Cuntz algebra On, 
n G {2, 3, 00} are locally trivial. They are trivial if n = 2 or n = 00. For n > 3 finite, such a 
field is trivial if and only if (n — = in Ko{A), where A is the C*-algebra of continuous 

sections of the field. We give a complete list of the Kirchberg algebras D satisfying the UCT 
and having finitely generated K-theory groups for which every unital separable continuous field 
over X with fibers isomorphic to D is automatically locally trivial or trivial. In a more general 
context, we show that a separable unital continuous field over X with fibers isomorphic to a 
ii'X-semiprojective Kirchberg C*-algebra is trivial if and only if it satisfies a K-theoretical Fell 
type condition. 
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1. Introduction 

Gelfand's characterization of commutative C*-algebras has suggested the problem of represent- 
ing non-commutative C*-algebras as sections of bundles. By a result of Fell [15], if the primitive 
spectrum A of a separable C*-algebra A is Hausdorff, then A is isomorphic to the C*-algebra of 
continuous sections vanishing at infinity of a continuous field of simple C*-algebras over X. In 
particular A is a continuous C(A)-algebra in the sense of Kasparov [18]. This description is very 
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satisfactory, since as explained in the continuous fields of C*-algebras are in natural correspon- 
dence with the bundles of C*-algebras in the sense of topology. Nevertheless, only a tiny fraction 
of the continuous fields of C*-algebras correspond to locally trivial bundles. 

In this paper we prove automatic and conditional local/global trivialization results for continu- 
ous fields of Kirchberg algebras. By a Kirchberg algebra we mean a purely infinite simple nuclear 
separable C*-algebra [29] . Notable examples include the simple Cuntz-Krieger algebras [8]. The 
following theorem illustrates our results. 

Theorem 1.1. A separable unital C{X)-algehra A over a finite dimensional compact Hausdorff 
space X all of whose fibers are isomorphic to the same Cuntz algebra On, n G {2, 3, . . . , cxd}, is 
locally trivial. If n = 2 or n = oo, then A = C{X) On- If i ^ n < oo, then A is isomorphic to 
C{X) ® On if and only if {n - 1)[1a] ^0 m Ko{A). 

The case X = [0, 1] of Theorem 11.11 was proved in a joint paper with G. Elliott [TU] , 
We parametrize the homotopy classes 



(see Theorem I7.4p and hence classify the unital separable C(5X)-algebras A with fiber 0„ over 
the suspension SX of a finite dimensional metrizable Hausdorff space X. 

To put our results in perspective, let us recall that none of the general basic properties of a 
continuous field implies any kind of local triviality. An example of a continuous field of Kirchberg 
algebras over [0, 1] which is not locally trivial at any point even though all of its fibers are mutually 
isomorphic is exhibited in |10[ Ex. 8.4]. Examples of nonexact continuous fields with similar 
properties were found by S. Wassermann [57] . 

A separable C*-algebra D is A'A'-semiprojective if the functor KK{D, — ) is continuous, see 
Sec. [3] The class of ATAT-semiprojective C*-algebras includes the nuclear semiprojective C*-algebras 
and also the C*-algebras which satisfy the Universal Coefficient Theorem in KK-theory (abbrevi- 
ated UCT [31]) and whose K-theory groups are finitely generated. It is very interesting that the 
only obstruction to local or global triviality for a continuous field of Kirchberg algebras is of purely 
K-theoretical nature. 

Theorem 1.2. Let A be a separable C*-algebra whose primitive spectrum X is compact Hausdorff 
and of finite dimension. Suppose that each primitive quotient A{x) of A is nuclear, purely infinite 
and stable. Then A is isomorphic to C{X) ® D for some K K -semiprojective stable Kirchberg 
algebra D if and only if there is a € KK(D, A) such that Ox G KK(D, A(x))~^ for all x € X . For 
any such a there is an isomorphism of C{X)- algebras $ : C{X)®D — > A such that KK{'^\u) = cr. 

We have an entirely similar result covering the unital case: Theorem l7.3l The required existence 
of cr is a KK-theoretical analog of the classical condition of Fell that appears in the trivialization 
theorem of Dixmier and Douady |12j of continuous fields with fibers isomorphic to the compact 
operators. An important feature of our condition is that it is a priori much weaker than the 
condition that A is ArArp(-x)-equivalent to C{X) ®D. In particular, we do not need to worry at all 
about the potentially hard issue of constructing elements in KK(j(^x){^^ C'(X) D). To illustrate 
this point, let us note that it is almost trivial to verify that the local existence of cr is automatic 
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for unital C(X)-algebras with fiber On and hence to derive Theorem ll.il A C*-algebra D has the 
automatic local triviality property if any separable C(X)-algebra over a finite dimensional compact 
Hausdorfi^ space X all of whose fibers are isomorphic to D is locally trivial. A unital C*-algebra D 
has the automatic local triviality property in the unital sense if any separable unital C(X)-algebra 
over a finite dimensional compact Hausdorff space X all of whose fibers are isomorphic to D is 
locally trivial. The automatic triviality property is defined similarly. 

Theorem 1.3. ('Automatic trivialityj A separable continuous C{X)-algebra over a finite dimen- 
sional compact Hausdorff space X all of whose fibers are isomorphic to O2 ® K. is isomorphic to 
C{X) ® O2 /C. The C*-algebra O2 ® fC is the only Kirchberg algebra satisfying the automatic 
local triviality property and hence the automatic triviality property. 

Theorem 1.4. ( Automatic local triviality in the unital sensej A unital KK-semiprojective Kirch- 
berg algebra D has the automatic local triviality property in the unital sense if and only if all unital 
*-endomorphisms of D are KK- equivalences. In that case, if A is a separable unital C{X)- algebra 
over a finite dimensional compact Hausdorff space X all of whose fibers are isomorphic to D, 
then A = C{X) (E) D if and only if there is a G KK{D,A) such that the induced homomorphism 
Ko{a) : Kq{D) ^ Ko{A) maps [Id] to [I a]. 

It is natural to ask if there are other unital Kirchberg algebras besides the Cuntz algebras which 
have the automatic local triviality property in the unital sense. Consider the following list Q of 
pointed abelian groups: 

(a) ({0},0); (b) (Z, fc) with fc > 0; 

(c) (Z/p^^i ©• • •©Z/p^",p'*i ©• ■ -©p^") where p is a prime, n > 1, < < for 1 < i < n and 
< Si+i ~ Si < Gi+i — Ci for I < i < n. If = 1 the latter condition is vacuous. Note that if the 
integers 1 < ei < ■ ■ ■ < e„ are given then there exists integers si, s„ satisfying the conditions 
above if and only if e^+i — > 2 for each 1 < i < n. If that is the case one can choose Si = i — 1 
for 1 < i < n. 

(d) (G(pi)©- • •©G'(p„i),5i©- ■ -©^m) where pi, ...,p„i are distinct primes and each (G{pj),gj) 
is a pointed group as in (c). 

(e) (Z © G{pi) © • • • © G{pm), fc © .91 © • • • © g,n) where {G{pj), gj) are as in (d). Moreover we 
require that fc > is divisible by p^"*^'^ • • ■pm'"'^ where s„(j) is defined as in (c) corresponding 
to the prime pj . 

Theorem 1.5. ( Automatic local triviality in the unital sense - the UCT case) Let D be a unital 
Kirchberg algebra which satisfies the UCT and has finitely generated K-theory groups, (i) D has 
the automatic triviality property in the unital sense if and only if D is isomorphic to either O1 or 
Coo- (u) D has the automatic local triviality property in the unital sense if and only if Ki(D) = 
and {Kq{D), [Id]) is isomorphic to one of the pointed groups from the list Q. (Hi) If D is as in 
(ii), then a separable unital C{X)-algebra A over a finite dimensional compact Hausdorff space X 
all of whose fibers are isomorphic to D is trivial if and only if there exists a homomorphism of 
groups Kq{D) — > Kq{A) which maps [Id] to [1a]- 

We use semiprojectivity (in various fiavors) to approximate and represent continuous G{X)- 
algebras as inductive limits of fibered products of n locally trivial C(X)-subalgebras where n < 
dim{X) < 00. This clarifies the local structure of many C(Ar)-algebras (see Theorem 15. 2p and 
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gives a new understanding of the K-theory of separable continuous C(X)-algebras with arbitrary 
nuclear fibers. 

A remarkable isomorphism result for separable nuclear strongly purely infinite stable C*-algebras 
was announced (with an outline of the proof) by Kirchberg in [20]: two such C*-algebras A and 
B with the same primitive spectrum X are isomorphic if and only if they are i4'i4r(7(x)-equivalent. 
This is always the case after tensoring with 02- However the problem of recognizing when A 
and B are iiT _ft'p(x)"6quivalent is open even for very simple spaces X such as the unit interval or 
non-Hausdorff spaces with more than two points. 

The proof of Theorem l4.6l (one of our main results) generalizes and refines a technique that was 
pioneered for fields over zero dimensional spaces in joint work with Pasnicu and for fields over 
an interval in joint work with G. Elliott [TU]. We shall rely heavily on the classification theorem 
(and related results) of Kirchberg [inj and Phillips [25], and on the work on non-simple nuclear 
purely infinite C*-algebras of Blanchard and Kirchberg [5], [1] and Kirchberg and R0rdam [3T], 

m- 

The author is grateful to E. Blanchard, L. G. Brown and N. C. Phillips for useful discussions 
and comments. 

2. C(X)-ALGEBRAS 

Let X be a locally compact Hausdorff space. A C(X)-algebra is a C*-algebra A endowed with 
a *-homomorphism 6 from Cq{X) to the center ZM{A) of the multiplier algebra AI{A) of A such 
that Co{X)A is dense in A] see [18], [3]. We write fa rather than 9{f)a for / G Co{X) and a e A. If 
y C X is a closed set, we let Cq{X, Y) denote the ideal of Cq{X) consisting of functions vanishing 
on Y. Then Co{X, Y)A is a closed two-sided ideal of A (by Cohen factorization). The quotient of 
A by this ideal is a C(X)-algebra denoted by A{Y) and is called the restriction of A = A{X) to 
Y. The quotient map is denoted by ny ■ A{X) A{Y). If Z is a closed subset of Y we have a 
natural restriction map tt^ : A(Y) A{Z) and ttz — tt^ otty- If Y reduces to a point x, we write 
A{x) for A({a;}) and tt^ for ir^^y The C*-algebra A{x) is called the fiber of A at x. The image 
TTxia) £ A{x) of a £ A is denoted by a{x). A morphism of C(X)-algebras : A B induces a 
morphism ijy ■ A{Y) B{Y). If A{x) 7^ for x in a dense subset of X, then 9 is injective. If 
X is compact, then 9{1) = 1m{A)- Let A be a C*-algebra, a G A and !F,Q C A. Throughout the 
paper we will assume that X is a compact Hausdorff space unless stated otherwise. If e > 0, we 
write a if there is b G T such that \\a — b\\ < e. Similarly, we write ^ Ce if a £e 5 for every 
a E J-. The following lemma collects some basic properties of C(X)-algebras. 

Lemma 2.1. Let A be a C{X)-algebra and let B C A be a C {X) -subalgebra. Let a G A and let Y 
be a closed subset of X . 

(i) The map x >— > ||a(x)|| is upper semi- continuous. 

(ii) ||7ry(a)|| max{||7r^(a)|| : x G F} 

(iii) If a{x) g T^x{B) for all x & X, then a £ B. 

(iv) If 6 > and a{x) €s T^xiB) for all x S X, then a Czg B. 

(v) The restriction of tTx '■ A A{x) to B induces an isomorphism B{x) = tTx{B) for all 
x&X. 
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Proof, (i), (ii) are proved in [3] and (iii) follows from (iv). (iv): By assumption, for each x G X, 
there is € B such that ||7r2.(a — bj;)\\ < 5. Using (i) and (ii), wc find a closed neighborhood Ux of 
X such that ||7rt7^(a — bx)\\ < 5. Since X is compact, there is a finite subcover {Uxi)- Let (a^) be a 
partition of unity subordinated to this cover. Setting b ~ ai bx^ G -B, one checks immediately 
that ||7r^(a - < Y.i(^i{^)hx{a - fo^JII < 5, for all x & X. Thus \\a - b\\ < 5 by (ii). (v): 
li i : B '-^ A \s the inclusion map, then ttx{B) coincides with the image of ix : B/C{X,x)B — » 
A/C{X,x)A. Thus it suffices to check that Lx is injective. If Lx{b + C{X,x)B) ~ TTx{b) = for 
some b G B, then b = fa for some / G C{X, x) and some a £ A. If (fx) is an approximate unit of 
C{X, x), then b = \im\ f\fa = lim^ f\b and hence b S C{X, x)B. □ 

A C(X)-algebra such that the map x i— > ||a(a;)|| is continuous for all a £ A is called a continuous 
C(X)-algebra or a C*-bundle |3j, US], 0]. A C*-algebra A is a continuous C(X)-algebra if and 
only if A is the C*-algebra of continuous sections of a continuous field of C*-algebras over X in 
the sense of [HI Def. 10.3.1], (see [3], [4], [22]). 

Lemma 2.2. Let A be a separable continuous C{X)-algebra over a locally compact H aus dor ff space 
X . If all the fibers of A are nonzero, then X has a countable basis of open sets. Thus the compact 
subspaces of X are metrizable. 

Proof. Since A is separable, its primitive spectrum Prim(A) has a countable basis of open sets 
by [m 3.3.4]. The continuous map r? : Prim(A) -> X (induced by 9 : Ca{X) ZM{A) = 
Cb(Prim(A))) is open since the C(X)-algebra A is continuous and surjective since A{x) ^ for all 
x(^X (see H p. 388] and ^ Prop. 2.1, Thm. 2.3]). □ 

Lemma 2.3. Let X be a compact metrizable space. A C{X)-algebra A all of whose fibers are 
nonzero and simple is continuous if and only if there is e £ A such that ||e(a;)|| > 1 for all x £ X . 

Proof. By Lemma 12.1^ 1) it suffices to prove that liminf„^oc ||'^(2;n)|| > ||a(2^o)|| for a-ny a G A 
and any sequence (x„) converging to xq in X. Set D — A{xq) and let e be as in the statement. 
Let ip : D ^ Ahe Si set-theoretical lifting of id^i such that ||'0('^)ll = IMII for all d S D. Then 
lim„^oo \\'^Xn4'{0'{xo)) ~ 0'{xn)\\ = for all a G A, by Lemma I2.1f i). By applying this to e, 
since ||e(.T„)|| > 1, we see that liminf„^oo IKx„''/'(e(a;o)) j| > 1- Since D is a simple C*-algebra, if 
(fin ■ D ^ Bn is a sequence of contractive maps such that lim„^oo \\v'n{^c+d) — X(pn{c)—ipnid)\\ = 0, 
lim„^oo \\^n{cd) - ipn{c)ipn{d)\\ = 0, lim„^oo Wy^nic*) - '/5„(c)*|| = 0, for all c,d e D, X e C, and 
liminf„^oo ||</5n(c)|| > for some c G D, then lim„^oo ||<<5ri(c)|| = \\c\\ for all c E D. In particular 
this observation applies to ip„ — Trx„'ip by Lemma l2.1f i). Therefore 

liminf ||a(a;„)|| > liminf (||7r^„'0(a(a;o))|| - \\Trx,^ipia{xa)) -a(a;„)||) = I|a(2;o)||- 

n — *oo n — 'oo 

Conversely, if A is continuous, take e to be a large multiple of some full element of A. □ 

Let 7] : B ^ A and if) : E Ahc *-homomorphisms. The pullback of these maps is 

B ©„,^ E = {(6, e)eB®E: 7]{b) ^ ^A(e)}. 

We are going to use puUbacks in the context of C(X)-algebras. Let X be a compact space and 
let Y, Z be closed subsets of X such that X = Y IJ Z. The following result is proved in [T^ 
Prop. 10.1.13] for continuous C(X)-algebras. 
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Lemma 2.4. If A is a C{X)-algehra, then A is isomorphic to A{Y) ©tt.tt A{Z), the pullback of 
the restriction maps nynz ■ M^) A{Y ("1 Z) and tt^^^ : A{Z) A{Y n Z). 

Proof. By the universal property of puUbacks. the maps ny and ttz induce a map rj : A 
A{Y) ©7r,7r ^{Z), ri{a) = (Try (a), 77^(0)), which is injective by Lemma [2.ir ii). Thus it suffices to 
show that the range of r] is dense. Let 6, c £ A he such that nynzib — c) = and let e > 0. 
We shall find a & A such that \\r]{a) — (Try (&), 7r2(c))|| < e. By Lemma [2.f T i). there is an open 
neighborhood V Y O Z such that \\TTx{b — c)|| < e for all x e V. Let {A,/i} be a partition of 
unity on X subordinated to the open cover {Y UV, Z U V}. Then a = Xb + fic is an element of A 
which has the desired property. □ 

Let B C A(Y) and E C A{Z) be C(X)-subalgebras such that TTy^ziE) C -Kyr^ziB). As an 
immediate consequence of Lemma [2.41 we see that the pullback B ©^z E is isomorphic to 

the C(X)-subalgebra B ©mz E oi A defined as 

B ©ynz E ^{aeA: Try(a) G B, 7Tz{a) £ E}. 
Lemma 2.5. The fibers of B (Synz E are given by 

' TTx{B), ifxex\z, 

TTxiE), ifxeZ, 



T^x{B®ynz E) = i^ 
and there is an exact sequence of C*-algebras 



(1) *- {b e B : nynz{b) = 0} B (Bynz E^^E *-0 

Proof. Let x ^ X\Z. The inclusion Trx{B(Bynz E) C tTx{B) is obvious by definition. Given b G B, 
let us choose / G C{X) vanishing on Z and such that f{x) = f. Then a = {fb,0) is an element 
of A by Lemma [2.41 Moreover a G B ©ynz E and Tr^(a) = T^xib). We have ttz{B ©mz E) C E, 
by definition. Conversely, given e G E, let us observe that T^ynzi^) ^ '^YnziB) (by assumption) 
and hence T^yf^zi^) ~ '^ynzi^) some b £ B. Then a = (6, e) is an element of A by Lemma 
and Tr2(a) = e. This completes the proof for the first part of the lemma and also it shows that the 
map Tr^ from the sequence ([T]) is surjective. Its kernel is identified using Lemma l2.If iii). □ 

Let X, y, Z and A be as above. Let rj : B ^ ^{Y) be a C(F)-linear *-monomorphism and let 
tp : E ^ A(Z) be a C(Z)-linear *-monomorphism. Assume that 

(2) ^YnziiiE)) C TT^^ziviB)). 

This gives a map 7 = Vynz'^Ynz ■ E{Y (1 Z) ^ B{Y (IZ). To simplify notation we let Tr stand for 
both Tryp2 and Tr^^^ in the following lemma. 

Lemma 2.6. (a) There are isomorphisms of C{X) -algebras 

B ©^,^^ E = B ©^^,^^ E = r]{B) ©ynz i^iE), 

where the second isomorphism is given by the map x '■ B (9m-i.7r4> E —>■ A induced by the pair (77, ip). 
Its components Xx can be identified with ipx for x £ Z and with rjx for x € X \ Z . 

(b) Condition ([2]) is equivalent to ip{E) C ■nz{A®y rj{B)^ . 

(c) If J- is a finite subset of A such that TTy{J-) Ce ri{B) and ttz{J') Cg ipiE), then T 
r]{B) ©ynz ^{E) ^ x{B ©^r,,7rV E) . 
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Proof. This is an immediate corollary of Lemmas 12.11 [2^ 12. 51 For illustration, let us verify (c). By 
assumption ir^i^) i]x{B) for &\\ x ^ X\Z and tTz{J-) ipziE) for all z £ Z. We deduce from 
Lemma E31 that n^iT) Ce nx{r]{B) ®Ynz ipiE)) for all x e X. Therefore T 7]{B) ®Ynz ip{E) 
by Lemma [2Jjiv). □ 

Definition 2.7. Let C be a class of C*-algebras. A C(Z)-algebra E is called C- elementary if there is 
a finite partition of Z into closed subsets Zi, . . . , (r > 1) and there exist C*-algebras Di, . . . ,Dr 
in C such that E = 0[=i C{Zi) Di. The notion of category of a C(X)-algebra with respect to 
a class C is defined inductively: if A is C-elementary then catc(A) = 0; catc(^) < n if there 
are closed subsets Y and Z oi X with X = y U Z and there exist a C(y)-algebra B such that 
catc(B) < n — 1, a C-elementary C(Z)-algebra E and a *-monomorphism of C{Y D Z)-algebras 
7 : E(Y n Z) ^ B{Y n Z) such that A is isomorphic to 

B®^^-y^ E = {{b, d)&B®E: Tr^^^z W = IT^Ynzid)}- 

By definition catc(A) = n if n is the smallest number with the property that catc(A) < n. If no 
such n exists, then catc(A) = oo. 

Definition 2.8. Let C be a class of C*-algebras and let A be a C(X)-algebra. An n-fibered C- 
monomorphism {-tpQ, . . . ^ipn) 'into A consists of (n + 1) H<-monomorphisms of C(X)-algebras ipi : 
Ei A{Yi), where Yq, . . . , y„ is a closed cover of X, each Ei is a C-elemcntary C(yi)-algebra and 

(3) ^^^^^Y,ME^) C Tr^^^Y, V'j(^^j), for aU i < j. 

Given an n-fibered morphism into A we have an associated continuous C(X)-algebra defined as 
the fibered product (or puUback) of the *-monomorphisms ipf. 

y Y 

(4) ^(V'o, . . . , V'n) = {{do, • ■ • c?n) : di G E^, Tiy.r^Yj'^Mi) = '^YnYj'^jidj) for alH, j} 
and an induced C(A")-monomorphism (defined by using Lemma l2.4p 

n 
1=0 

7/(^0, . . .rf„) = (-0o(rfo), ■ • ■ ,1pnidn))- 

There are natural coordinate maps pi : A{ipQ, . . . ,ipn) — > Ei, pi{do, ■ . ■ , dn) = di. Let us set 
Xk = Yfe U • • • U y„. Then {tpk, ■ ■ ■'<Pn) is an {n — fc)-fibered C-monomorphism into A(Xk). Let 
r]k : A{Xk){ipk, ■ ■ ■ — * A{Xk) be the induced map and set Bk = A{Xk){ipk, ■ ■ ■ V'n)- Let us note 
that Bq = A^ipQ, . . . ,ipn) and that there are natural C(A"fc_i)-isomorphisms 

(5) Bk^l = Bk ©7rr;fc,7r^/'fc_i Ek-1 = Bk ©7r,7fc7r Ek-1. 

where n stands for TrXkCYk-i and 7fc : Ek-i{Xk n Yk-i) Bk{Xk n Yfc_i) is defined by {jk)x = 
{r]k)x^{'>Pk-i)x, for allx e XkCiYk-i. In particular, this decomposition shows that catc(^('0O: ■•■,''/'«)) < 
n. 

Lemma 2.9. Suppose that the class C from Definition \2.7\ consists of stable Kirchberg algebras. If 
A is a C{X)-algebra over a compact metrizable space X such that catc(A) < oo, then A contains 
a full properly infinite projection and A = A® Ooo ® A^- 



8 



CONTINUOUS FIELDS OF C*-ALGEBRAS OVER FINITE DIMENSIONAL SPACES 



Proof. Wc prove this by induction on n = catc(^). The case ?i = is immediate since D = D®Ooo 
for any Kirchberg algebra D [12]. Let A = B ©^^-yjr E where B, E and 7 are as in Definition 12.71 
with catc(-B) = n — 1 and c&ic{E) = 0. Let us consider the exact sequence O^J^^^S— >0, 
where J = {b € B : nynzib) = 0}. Since J is an ideal oi B = B ® Oao J absorbs Coo ® /C by 
[221 Prop. 8.5]. Since both E and J are stable and purely infinite, it follows that A is stable by [501 
Prop. 6.12] and purely infinite by [221 Prop. 3.5]. Since A has Hausdorff primitive spectrum, A is 
strongly purely infinite by [3 Thm. 5.8]. It follows that A ^ A (g) Ooo by [H Thm. 9.1]. Finally 
A contains a full properly infinite projection since there is a full embedding of O2 into A by [51 
Prop. 5.6]. □ 

3. Semiprojectivity 

In this section we study the notion of _ftrA'-semiprojectivity. The main result is Theorem 13.121 
Let A and B be C*-algebras. Two *-homomorphisms ip^ip : A ^ B are approximately unitarily 
equivalent, written ip, if there is a sequence of unitaries (m„) in the C*-algebra 5+ = £? + Cl 
obtained by adjoining a unit to B, such that lim„^oo \\u7i(p{a)u^ — ?A(a)|[ = for all a £ A. We 
say that ip and i/; are asymptotically unitarily equivalent, written ip if), if there is a norm 
continuous unitary valued map t ^ ut € B'^, t G [0, 1), such that limt^i \\utf{a)Uf — = 

for all a E A. A *-homomorphism ip : D ^ Ais full if ip{d) is not contained in any proper two-sided 
closed ideal of A if d G I? is nonzero. 

We shall use several times Kirchberg's Theorem [^Hl Thm. 8.3.3] and the following theorem of 
Phillips [IH]. 

Theorem 3.1. Let A and B be separable C*-algebras such that A is simple and nuclear, B = 
B (g) Oooj md there exist full projections p € A and q G B. For any a e KK(A, B) there is a full 
^-homomorphism ip : A B such that KK{ip) ~ a. If Ko{a)[p] ~ [q] then we may arrange that 
fip) = <?• If "tp ■ A ^ B is another ^-homomorphism such that KK(il;) ~ KK{ip) and 4'{p) = 9; 
then ip K-uh "0 ■'^^'i path of unitaries t t—^ Ut € U{qBq). 

Theorem 13.11 does not appear in this form in [55] but it is an immediate consequence of [551 
Thm. 4.1.1]. Since pAp (g) /C = A ® /C and qBq /C = B /C by [6] , and qBq g) Ooo = qBq by [22l 
Prop. 8.5], it suffices to discuss the case when p and q are the units of A and B. If a is given, [28l 
Thm. 4.1.1] yields a full *-homomorphism (p : A ^ B ® IC such that KK{ip) = a. Let e £ /C be a 
rank-one projection and suppose that [(^(l/i)] = [1^ g) e] in Kq{B). Since both (p{1a) and Is g> e 
are full projections and B = B ® Ooo, it follows by [551 Lemma 2.1.8] that u(p{1a)u* = 1b g) e for 
some unitary in (i?g)/C)+. Replacing ip> hy uipu* we can arrange that KK{ip) = a and ip is unital. 
For the second part of the theorem let us note that any unital *-homomorphism ip : A ^ B is, full 
and if two unital *-homomorphisms p),i}} : A B are asymptotically unitarily equivalent when 
regarded as maps into B ®1C, then (p ~uh when regarded as maps into B, by an argument from 
the proof of [m Thm. 4.1.4]. 

A separable nonzero C*-algebra D is semiprojective [1] if for any separable C*-algebra A and 
any increasing sequence of two-sided closed ideals (J„) of ^ with J = U„ J„, the natural map 
lim llom{D, A/ Jn) Hom(D,^/J) (induced by 7r„ : A/Jn ^/J) is surjective. If we weaken 
this condition and require only that the above map has dense range, where Hom(Z?,yl/J) is given 
the point-norm topology, then D is called weakly semiprojective [14| . These definitions do not 
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change if we drop the separabihty of A. We shall use (weak) semiprojectivity in the following 
context. Let A be a C(X)-algebra (with X metrizable), let x G X and set Un = {y <E X : d{y, x) < 
l/n}. Then J„ = C{X,Un)A is an increasing sequence of ideals of A such that J = C{X,x)A, 
A/J„ ^ A{Un) and A/ J = A{x). 

Examples 3.2. (Weakly scmiprojcctive C*-algebras) Any finite dimensional C*-algebra is semipro- 
jective. A Kirchberg algebra D satisfying the UCT and having finitely generated K-theory groups 
is weakly semiprojective by work of Neubiiser H. Lin and Spielberg [35]. This also follows 
from Theorem 13.121 and Proposition 13.141 below. If in addition Ki{D) is torsion free, then D is 
semiprojective as proved by Spielberg [33] who extended the foundational work of Blackadar [T] 
and Szymanski [34j . 

The following generalizations of two results of Loring are used in section see [TU] . 

Proposition 3.3. Let D be a separable semiprojective C*-algebra. For any finite set J- C D and 
any £ > 0, there exist a finite set G C D and S > with the following property. Let t: : A ^ B be 
a surjective *-homomorphism, and let Lp : D ^ B and j : D A be *-homomorphisms such that 
\\TT"f{d) — ip{d)\\ < 5 for all d £ Q. Then there is a *-homomorphism -ip : D ^ A such that nip = ip 
and 117(c) — '0(^)11 < £ for all c E J-. 

Proposition 3.4. Let D be a separable semiprojective C*-algebra. For any finite set T <Z D and 
any e > 0, there exist a finite set Q C D and 5 > with the following property. For any two 
*-homomorphisms ip,ip : D B such that \\(p{d) ~ V'('^)ll < ^ for all d £ Q, there is a homotopy 
$ e Hom(L), C[0, 1] B) such that ^ f to ^ i' and \\(p{c) - $t(c)|| < e for all c E T and 
t e [0,1]. 

Definition 3.5. A separable C*-algebra D is JiTii'-stable if there is a finite setQcD and there is 5 > 
with the property that for any two *-homomorphisms ip,ip : D —>■ A such that ||<^(a) — V'(^j)ll < ^ 
for all aGG, one has KK{ip) = KK{iP). 

Corollary 3.6. Any semiprojective C*-algebra is weakly semiprojective and KK-stable. 

Proof. This follows from Proposition □ 

Proposition 3.7. Let D be a separable weakly semiprojective C*-algebra. For any finite set T C D 
and any e > there exist a finite set Q (Z D and (5 > such that for any C*-algebras B C A and 
any *-homomorphism if : D ^ A with ip{Q) Cs B, there is a *-homomorphism ip : D ^ B such 
that Wfic) — 'p{c)\\ < £ for all c G T . If in addition D is KK-stable, then we can choose Q and S 
such that we also have KK{ip) = I^K{lp). 

Proof. This follows from [Ml Thms. 3.1, 4.6]. Since the result is essential to us we include a short 
proof. Fix T and e. Let {Qn) be an increasing sequence of finite subsets of D whose union is 
dense in D. If the statement is not true, then there are sequences of C*-algebras C„ C An and 
*-homomorphisms : — > A„ satisfying ipniQn) Ci/„ C„ and with the property that for any 
71 > 1 there is no H<-homomorphism : _D — > C„ such that ||(/3„(c) — V'ra(c)|| < e for all c G J-. Set 
Bi = nri>i ^^^'^ ~ T\n>i C Bi. If Vi : Bi -Bi+1 is the natural projection, then i'i{Ei) = 
Ei^i. Let us observe that if we define $i : D ^ Bi by ^i{d) = {(pi{d), (fi+i (d), . . .), then the image 
of $ = lim : D ^ lim(i?i,t'i) is contained in liia (Ei , i>i) . Since D is weakly semiprojective. 
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there is i and a *-homomorphism "i/i : D ^ Ei, of the form 'i>i{d) ~ {ipi{d),t/ji+i{d), . . .) such 
that ||$i(c) — 4'i(c)|| < e for all c ^ T . Therefore ||<Pi(c) — '0i(c)|| < e for all c G which gives a 
contradiction. □ 

It is useful to combine Propositions 13.71 and [3731 in a single statement. 

Proposition 3.8. Let D he a separable semiprojective C*-algebra. For any finite set J- <Z D and 

any e > 0, there exist a finite set Q <Z D and 5 > Q with the following property. Let tt : A ^ B be a 
surjective *-homomorphism which maps a C*-subalgebra A' of A onto a C*-subalgebra B' of B. Let 
if : D —>■ B' and ^ : D ^ A be *-homomorphisms such that "f{G) Gs A' and ||7r7(d) — < S for 

all d £ Q. Then there is a ^-homomorphism ip : D ^ A' such that -Kip — if and ||7(c) — V'lc)!! < e 
for all c £ T . 

Proof. Let Qi^ and 8^ be given by Proposition 13.31 applied to the input data T and e/2. We may 
assume that T G Ql and e > (5^. Next, let Qp and (5p be given by Proposition 13.71 applied to 
the input data C/l and (5^/2. We show now that Q := Ql^ Qp and 6 := min{(5p, (5^/2} have the 
desired properties. We have ^{Gp) Csp A' since Qp C G and i5 < Sp. By Proposition 13. 71 there is a 
*-homomorphism -f' : D ^ A' such that ||7'((i) — 7(^)11 < Sl/2 for all d E Ql- Then, since Ql C G 
and S < 5l/2, 

\\7rj'{d) - ^{d)\\ < \\7rj'{d) - 7r7(d)|l + \\Tr^{d) - ip{d)\\ < Sl/2 + 5 < 5l 

for all d E Gl- Therefore we can invoke Proposition 13.31 to perturb 7' to a *-homomorphism 
^ : D ^ A' such that tti/j = (p and ||7'((i) — "0(^)11 < e/2 for all d E T. Finally we observe that for 
deTcGL 

hid) - m\\ < hid) - 7'(d)|| + h'id) - m\\ < Sl/2 + e/2 < e. 

□ 

Definition 3.9. (a) A separable C*-algebra D is KK-semiprojective if for any separable C*-algebra 
A and any increasing sequence of two-sided closed ideals (J„) of A with J = U„ J„, the natural 
map lim KKiD,A/Jn) — > KKiD,A/J) is surjective. 

(b) We say that the functor KKiD, — ) is continuous if for any inductive system Bi B2 ... 
of separable C*-algebras, the induced map lim KK{D, Bn) KK{D, hm S„) is bijective. 

Proposition 3.10. Any separable KK-semiprojective C*-algebra is KK-stable. 

Proof. We shall prove the statement by contradiction. Let D be separable KK-semiprojective 
C*-algebra. Let iGn) be an increasing sequence of finite subsets of D whose union is dense in 
D. If the statement is not true, then there are sequences of *-homomorphisms (pn,ipn ■ D An 
such that — V'n(rf)|| < ^/n for all d £ Gn and yet KKi(pn) 7^ KKiipn) for all n > 1. Set 

Bi = Y[7i>i^n and let Vi : Bi ^ Sj+i be the natural projection. Let us define <f>i,5'i : D Bi 
by <i>j(d) = i(piid),ipi+iid), . . .) and ^^(d) = (■(/'i(d), '(/'i+i (rf), • ■ • ): for all d in D. Let B- be the 
separable C*-subalgebra of Bi generated by the images of and '^i. Then ViiB-) = B[_^^ and 
one verifies immediately that lim $i = lim VP^ : 13 ^ lim {B[, Vi). Since D is ifisT-semiprojective, 
we must have KKi^i) = KKi'^i) for some i and hence KK{ipn) ~ KKiijjn) for all n > i. This 
gives a contradiction. □ 
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Proposition 3.11. A unital Kirchberg algebra D is KK-stable if and only if D®1C is KK-stable. 
D is weakly semiprojective if and only if D ® K, is weakly semiprojective. 

Proof Since KK{D, A) ^ KK{D, A (g) /C) ^ KK{D ®1C,A®1C) the first part of the proposition is 
immediate. Suppose now that D ® K. is weakly semiprojective. Then D is weakly semiprojective 
as shown in the proof of [32l Thm. 2.2]. Conversely, assume that D is weakly semiprojective. 
It suffices to find a G Hom(£' ® /C, D) and a sequence {(3n) in Hom(D, D ® JC) such that 
converges to ido^K fi^^ the point-norm topology. Let Si be the canonical generators of Oca- If (Sy ) 
is a system of matrix units for /C. then A(ey ) = s^s* defines a *-homomorphism /C Ooo such that 
KK{X) G KK{IC, Ooo)"^- Therefore, by composing id_D (23 A with some isomorphism D (g) Ooo — D 
(given by [29l Thm. 7.6.6]) we obtain a *-monomorphism a : D /C — > D which induces a KK- 
equivalence. Let (3 : D ^ D iS^ IC he defined by f3{d) = d (g) en. Then /3a G End(i5 g) /C) induces 
a KK-equivalence and hence after replacing (3 by 9(3 for some automorphism 9 oi D ® K.^ we may 
arrange that KK{(3a.) = KKiido)- By Theorem 13. 1[ I3a i(^D®Ki so that there is a sequence of 
unitaries u„ £ {D ® A^)+ such that M„/?a(— )u* converges to idu^^c- D 

Theorem 3.12. For a separable C*-algebra D consider the following properties: 
(i) D is KK -semiprojective. 
(a) The functor K K [D , —) is continuous. 
(Hi) D is weakly semiprojective and KK-stable. 

Then (i) <^ (ii). Moreover, (Hi) =J> (i) if D is nuclear and (i) =^ (Hi) if D is a Kirchberg 
algebra. Thus (i) 4=> (ii) <=> (Hi) for any Kirchberg algebra D. 

Proof. The implication (ii) => (i) is obvious, (i) (ii): Let {Bn,^n,m) be an inductive system 
with inductive limit B and let 7,1 : Bn —^Bhe the canonical maps. We have an induced map 
(3 : lim KK(D, Bn) KK{D,B). First we show that (3 is surjective. The mapping telescope 
construction of L. G. Brown (as described in the proof of [U Thm. 3.1]) produces an inductive 
system of C*-algebras (T„,77„^,„) with inductive limit B such that each rjn^n+i is surjective, and 
each canonical map 77,1 : T„ — > _B is homotopic to "fnCtn for some *-homomorphism a„ : T„ — > 
Bn. In particular KK{j]n) = K K (jn) K K (an) . Let x G KK{D,B). By (i) there are n and 
y G KK{D, Tn) such that KK{rin)y ~ x and hence KK{jn)KK{an)y = x. Thus z = KK{an)y G 
KK(D, Bn) is a lifting of x. Let us show now that the map f3 is injcctive. Let x be an element in 
the kernel of the map KK{D, Bn) KK{D, B). Consider the commutative diagram whose exact 
rows arc portions of the Puppc sequence in KK-theory [2j Thm. 19.4.3] and with vertical maps 
induced by 7™ : B^ B , m > n. 

KK{D, C^J KK{D, Bn) ^ KK{D, B) 

KK(D, „J ^ KK{D, Bn) ^ KK{D, B,n) 

By exactness, a; is the image of some element y G KK{D, Gy^). Since C^^ = fimC^^^, the map 
\unKK{D,C.y^ ^) KK{D,C^^) is surjective by the first part of the proof. Therefore there 
is m > n such that y lifts to some z G KK{D,Cj^^). The image of z in KK{D,Bm) equals 
K K{'^n.m)x and vanishes by exactness of the bottom row. 
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(iii) => (i): Let A, (J„) and J be as in Definition 13.91 Using the five-lemma and the split 
exact sequence KK{D,A) KK{D,A+) KK{D,C) ^ 0, we reduce the proof to the 
case when A is unital. Let x G KK{D,A/J). Since the map KK{D+,A/J) ^ KK{D,A/J) is 
surjective, x lifts to some clement a;+ G KK{D'^ , A/ J). By [29l Thm. 8.3.3], since is nuclear, 
there is a *-homomorphism $ : £)+ — > A/ J Ooo "8) IC such that i4ri<r(<I>) = and hence if set 
<i5 = ^'Izj, then KK{ip) = x. Since D is weakly semiprojective, there are n and a *-hoinomorphism 
ip : D ^ A/J„ Ooo ^ such that ||7r„-0((i) — < S for all d ^ G, where Q and (5 are as in 

the definition of Ki^T-stability. Therefore KK{TTnip) = KK{ifi) and hence KK{iIj) is a lifting of x 
to KK{D,A/Jn). 

(i) => (iii): £> is if /v -stable by Proposition l3.10l It remains to show that D is weakly semipro- 
jective. Since any nonunital Kirchberg algebra is isomorphic to the stabilization of a unital one 
(see [ini Prop. 4.1.3]) and since by Proposition [SHI] -D is KK-semiprojective if and only if D /C is 
KK-semiprojective, we may assume that D is unital. Let A, (J„), Tr^.n : A/ Jm A/ Jn (jn < n) 
and 7r„ : A/ Jn ^ A/ J be as in the definition of weak semiprojcctivity. By [1] Cor. 2.15], we may 
assume that A and the *-homomorphism tp : D ^ A (for which we want to construct an approxi- 
mative lifting) are unital. In particular ip is injective since D is simple. Set B = (p{D) C A/ J and 
Bn ~ 7r,7^(i3) C A/ Jn- The corresponding maps iTm,n ■ Bm — *■ Bn {m < n) and 7r„ : Bn —> B are 
surjective and they induce an isomorphism lini (Bn, T^n,n+i) — B. 

Given e > and T C D (a. finite set) we are going to produce an approximate lifting (pn : 
D — ^ Bn for ip. Since 1b is a properly infinite projection, it follows by [TJ Props. 2.18 and 2.23] 
that the unit 1„ of Bn is a properly infinite projection, for all sufficiently large n. Since D is 
A'if-semiprojectivc, there exist m and an element h G KK{D,B„i) which lifts KK{p) such that 
K[j{h)[lD\ = [Im]. By [29l Thm. 8.3.3], there is a full *-homomorphism -q : D ^ Bm (8) IC such 
that KK{rj) = h. By Prop. 4.1.4], since both 77(1d) and 1,„ are full and properly infinite 
projections in B„i ® K., there is a partial isometry w G Bm ® JC such that w*w = ^^(Id) and 
WW* = 1,„. Replacing 77 by wri{—)w*, we may assume that rj : D Bm is unital. Then 
KK{TTmil) = KK{T^m)h = K K (if) . By Theorem 13. 1[ TTmV ~uh ^- Thus there is a unitary u ^ B 
such that ||u7rm77((i)ii* — V'(rf)|| < e for all d G Since C(T) is semiprojective, there is n > m 
such that u lifts to a unitary u„ G i?„. Then iy9„ := u„ 'Km,n'rii~) ^n ^ *-homomorphism from D 
to i3„ such that ||7r„(/3„(rf) — < ^ foi' d E T. □ 

Corollary 3.13. ylny separable nuclear semiprojective C*-algebra is K K -semiprojective. 

Proof. This is very similar to the proof of the implication (iii) ^ (i) of Theorem l3.12l Alternatively, 
the statement follows from CoroUarv 13.61 and Theorem 13. 121 □ 

Blackadar has shown that a semiprojective Kirchberg algebra satisfying the UCT has finitely 
generated K-theory groups PHI Prop. 8.4.15]. A similar argument gives the following: 

Proposition 3.14. Let D be a separable C*-algebra satisfying the UCT. Then D is KK-semiprojective 
if and only K,, {D) is finitely generated. 

Proof. If K^,{D) is finitely generated, then D is ifif-semiprojective by [3T]. Conversely, assume 
that D is ifif-semiprojective. Since D satisfies the UCT, we infer that if G = Ki{D) [i = 0, 1), then 
G is semiprojective in the category of countable abelian groups, in the sense that if Hi — > H2 — > • • ■ 
is an inductive system of countable abelian groups with inductive limit H , then the natural map 
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lim Hom(G, Hom(G,i7) is surjective. This implies that G is finitely generated. Indeed, 

taking iJ = G, we sec that id^ lifts to Hom(G, iJ„) for some finitely generated subgroup i?„ of G 
and hence G is a quotient of i/„. □ 

4. Approximation of G(X)-algebras 

In this section wc use weak scmiprojcctivity to approximate a continuous G(X)-algebra A by 
G(X)-subalgebras given by puUbacks of n-fibered monomorphisms into A. 

Lemma 4.1. Let D be a finite direct sum of simple C*-algebras and let ip^ip : D ^ A be *- 
homomorphisms. Suppose that Ti d D contains a nonzero element from each simple direct sum- 
mand of D. If \\il'{d) — < ||d||/2 for all d E Ti., then if is infective if and only if ip is 

infective. 

Proof. Let us note that f is injective if and only if ||</5(d)|| = ||d|| for all d E H. Therefore if (p is 
injective, then > ||(y5((i)|| — — > ||(i||/2 for all d e 7i and hence is injective. □ 

A sequence (A„) of subalgebras of A is called exhaustive if for any finite subset oi A and any 
£ > there is n such that T Cg A„. 

Lemma 4.2. Let C be a class consisting of finite direct sums of separable simple weakly semipro- 
jective C*-algebras. Let X be a compact metrizable space and let A be a C{X)-algebra. Let J- <Z A 
be a finite set, let e > and suppose that A{x) admits an exhaustive sequence of C*-algebras iso- 
morphic to C*-algebras in C for some x G X. Then there exist a compact neighborhood U of x and 
a *-homomorphism Lp : D ^ -^{U) for some D G C such that ttjj^J^) <Ze P>{D). If A is a continuous 
C{X)-algebra, then we may arrange that ipz is injective for all z £ U . 

Proof. Let J- = {ai, . . . , a^} and e be given. By hypothesis there exist D E C, {ci, . . . , c^} C D 
and a *-monomorphism t : Z? — > A{x) such that ||7r2.(ai) — '-(ci)ll < e/2, for all i ~ l,...,r. Set 
Un ^ {y ^ X : d{x,y) < 1/n}. Choose a full element dj in each direct summand of D. Since 
D is weakly semiprojective, there is a *-homomorphism p : D A{Un) (for some n) such that 
WT^xfici) — (-(ci)!! < e/2 for all z = 1, and W-K^pidj) ~ '-('^i)!! < 11^^11/2 for all dj. Therefore 

hxP>{ci) - ■nx{ai)\\ < \\TT.^Lp{ci) - L{ct)\\ + \\n^{ai) ~ i(ci)|| < e/2 + e/2 = e 

and fx is injective by Lemma l4.ll By Lemma l2.1f i). after increasing n and setting U = U,-, and 
ip = TTijip, we have 

\\ip{c,) -7ri7(a,)|| = \\7ru{ipici) - a^)\\ < e, 

for all i = 1, r. This shows that Trij(J-) Ce (p{D). If A is continuous, then after shrinking U we 
may arrange that ||iy92((ij)|| > ||iy92;((ij)||/2 = ||(ij||/2 for all dj and all z <E U. This implies that ipz 
in injective for all z £ U. □ 

Lemma 4.3. Let X be a compact metrizable space and let A be a separable continuous C{X)- 
algebra the fibers of which are stable Kirchberg algebras. Let T G A be a finite set and let e > 0. 
Suppose that there exist a KK- semiprojective stable Kirchberg algebra D and a G KK{D, A) such 
that CTx G KK{D,A{x))-'^ for some X G X. Then there exist a closed neighborhood U of x and a 
full ^-homomorphism ifi : D ^ ^{U) such that KK{ip) = aii and ttu{J-) Ce ipiD). 



14 



CONTINUOUS FIELDS OF C*-ALGEBRAS OVER FINITE DIMENSIONAL SPACES 



Proof. By [2% Thm. 8.4.1] there is an isomorphism t/jQ : D ^ ^{^) such that KK{ipo) = ax- Let 
n C D he such that ipo{n) = n^iT). Set = {j/ £ X : d(a;,y) < l/n}. By Theorem IXT^ 
D is KK-stable and weakly semiprojective. By Proposition 13.71 there exists a *-homomorphism 
ipn ■ D A{Un) (for some n) such that \\TTxipn{d) — '0o('^)|| < £ for all d G H and KK{TTxi'n) = 
KK{iPq) ™ fT^. Since lim KK{D, A{Um)) = KK{D, A{x)), we deduce that there is m > n such 
that KK{'Ku^i}}n) — o'Um- By increasing m we may arrange that TTu^i^) Ce izu^tpniD) since we 
have seen that tTx{^) = '0o('W) Ce TTx-ipn{D). We can arrange that is injective for aU z G J7 by 
reasoning as in the proof of Lemma We conclude by setting U = Um and ip = TTu^ipn- D 

The following lemma is useful for constructing fibered morphisms. 

Lemma 4.4. Let {Dj).j^j he a finite family consisting of finite direct sums of weakly semiprojective 
simple C*-algebras. Let e > Q and for each j € J let TLj C Dj he a finite set such that for each 
direct summand of Dj there is an element of Tij of norm > s which is contained and is full in that 
summand. Let Qj C Dj and 5j > he given hy Proposition \3. 7| applied to Dj, Tij and e/2. Let X 
be a compact metrizahle space, let {Zj)j^j be disjoint nonempty closed subsets of X and let Y be a 
closed nonempty subset of X such that X = Y U [ Uj Zj^ . Let A he a continuous C{X)-algebra and 
let T he a finite subset of A. Let rj : B(Y) —>■ A{Y) be a *-monomorphism of CiY)- algebras and 
let ipj : Dj — » A{Zj) be *-homomorphisms such that {^j)x *s injective for all x G Zj and j G J, 
and which satisfy the following conditions: 

(i) TTz,{^) Ce/2 'Pji'Hj), for all j G J, 

(ii) 7ry(.F) Ce?7(S), 

(iii) T^Ynz.'PjiQj) ^s, n^^z.viB), for all j G J. 
Then, there are C{Zj) -linear *-monomorphisms ^pj : C{Zj) ® Dj — » A{Zj), satisfying 

(6) llv'j(c) ^ V'jCc)!! < e/2, for all c G T-Lj, and j G J, 

and such that if we set E = ®jC{Zj) ® Dj, Z = U-jZ^, and ip : E A{Z) = ®jA{Zj), 
tp = (Bjipj, then TTYp^^{tp{E)) C TrY(-,z{v{B)), t^z{^) Ce ip{E) and hence 

T Ce v{B) (Bvnz ^{E) ^ X{B 

where x «s the isomorphism induced by the pair {ri,i}}). If we assume that each Dj is KK-stable, 
then we also have KK{ipj) ~ KK{^jj\£).) for all j G J. 

Proof. Let J- = {ai,...,ar} C A be as in the statement. By (i), for each j G J we find 
{c}f\ . . . ,c[-'^} C Uj such that ||<(5j(cp^) - TTZj{ai)\\ < e/2 for all i. Consider the C(X)-algebra 
A®Y v{B) C A. From (iii), Lemma ICT iv) and Lemma [^31 we obtain 

VjiSj) C5, 7Tz^iA®YViB)). 

Applying Proposition 13.71 we perturb tpj to a *-homomorphism ipj : Dj irzjiA (By '^{B)) satis- 
fying and hence such that \\Lpj{c^p) — V'j(c'"''')|| < e/2, for all i, j. Therefore 

This shows that nzj [J') Ce ipj (Dj). From © and Lemma lOl we obtain that each {ipj)x is injective. 
We extend ipj to a C(Zj)-linear *-nionomorphism ipj : C{Zj) ® Dj nzj {A®y v{B)) and then we 
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define E, ip and Z as in the statement. In this way we obtain that ip : E ^ {A(By'ii{B)){Z) C A{Z) 
satisfies 

(7) TTziT) Ce 

The property C {A®yv{B)){Z) is equivalent to 7rf|^2('(/'(-B)) C TTynziviB)) by Lemnia[2^b). 
Finally, from (ii), ^ and Lcmma[2J](c) we get T Ce ij{B) ©ynz ^(-B)- □ 

Let C be as in Lemma [4.21 Let A be a C(X)-algebra, let c A be a finite set and let £ > 0. 
An (J- , e,C)- approximation of A 

(8) a = {T,e,{U^,^^ : D, ^ AiU^),n^,g^,S^}^eI}, 

is a collection with the following properties: {Ui)i^i is a finite family of closed subsets of X, 
whose interiors cover X and {Di)i(zi are C*-algebras in C; for each i G I, ipi : Di ^ A{Ui) is 
a ^-liomomorphism such that {ipi)x is injective for all x G [/,;; Ti.i C Di is a finite set such that 
'^Uii^) ^iCHi) a-nd such that for each direct summand of Di there is an element of Tii of 

norm > e which is contained and is full in that summand; the finite set Qi C Di and di > are 
given by Proposition 13. 71 applied to the weakly semiprojective C*-algebra Di for the input data Hi 
and e/2; if Di is iiTA'-stablc, then Qi and Si are chosen such that the second part of Proposition l3.7l 
also applies. 

Lemma 4.5. Let A and C be as in Lemma \4.^ Suppose that each fiber of A admits an exhaustive 
sequence of C*-algebras isomorphic to C*-algebras in C. Then for any finite subset J- of A and 
any e > there is an [J- ^e^C)- approximation of A. Moreover, if A, D and a are as in Lemma \4-.3\ 
and ax S KK{D, A{x))~^ for all x G X, then there is an {J- , £,C)- approximation of A such that 
C = {D} and KK{ipi) = ajj. for all i €z I . 

Proof. Since X is compact, this is an immediate consequence of Lemmas 14.21 14.31 and Proposi- 
tion [3Jl □ 

It is useful to consider the following operation of restriction. Suppose that y is a closed subspace 
of X and let (Vj)jgj be a finite family of closed subsets of Y which refines the family {Y n Ui)i^i 
and such that the interiors of the Vj ' s form a cover of Y . Let t : J — > / be a map such that 
Vj C Y r\U,(j). Define 

L*{a) ^ {TTYiT),e,{Vj,7Tv,(p,{j) ■■ D.i^j) Jt(j)}jej}. 

It is obvious that L*{a) is a (tt^ e, C)-approximation of A{Y). The operation a ^ b*[a) is 
useful even in the case X = Y . Indeed, by applying this procedure we can refine the cover of X 
that appears in a given [T, e, C)-approximation of A. 

An (.F, e, C)-approximation a (as in ([H])) is subordinated to an (JF', e', C)-approximation, a' = 
{T' ,e' ,{Uii,Lpi' : A' A{Ui'),Kii ,Qii ,5ii}ii(zi'}, written a -< a', if 
(i) T C T', 

(fi) fiiGi) Q T^uA^') for all i G /, and 

(in) e' < min {{e} U {(5^, i G /}). 
Let us note that, with notation as above, we have L*[a) -< whenever a -< a'. 

The following theorem is the crucial technical result of our paper. It provides an approximation 
of continuous C(X)-algebras by subalgebras of category < dim(Ar). 
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Theorem 4.6. LetC be a class consisting of finite direct sums of weakly semiprojective simple C'*- 
algebras. Let X be a finite dimensional compact metrizable space and let A be a separable continuous 
C{X)-algebra the fibers of which admit exhaustive sequences of C*-algebras isomorphic to C*- 
algebras in C. For any finite set J- C A and any e > there exist n < dim(X) and an n-fibered 
C-monomorphism (ipQ, . . . ^tpn) into A which induces a *-monomorphism rj : A{ipQ, ...^tpn) — > A 
such that T Ce ?7(y4(V'o, V'n))- 

Proof. By Lemma [4. 51 for any finite set T (1 A and any e > there is an (T , e, C)-approximation of 
A. Moreover, for any finite set c A, any e > and any n, there is a sequence {a^ : < A: < n} 
of (.Ffe, efe, C)-approximations of A such that {J-q^£q) = (■?^, e) and is subordinated to a^+i: 

< a\ < ■ ■ ■ < a„. 

Indeed, assume that was constructed. Let us choose a finite set Th+\ which contains Th and 
hftings to A of all the elements in Uj^e/fc f ikiGik)- This choice takes care of the above conditions 
(i) and (ii). Next we choose e^+i sufficiently small such that (iii) is satisfied. Let ak+i be an 
(J^fe+i,efc-i-i,C)-approximation of A given by Lemma 14.51 Then obviously ak ^ ctk+i- Fix a tower 
of approximations of A as above where n = dim(X). 

By m Lemma 3.2], for every open cover V of X there is a finite open cover U which refines V 
and such that the set U can be partitioned into n + 1 nonempty subsets consisting of elements 
with pairwise disjoint closures. Since we can refine simultaneously the covers that appear in a 
finite family {ak ■ < /c < n} of approximations while preserving subordination, we may arrange 
not only that all ak share the same cover {Ui)^i^ but moreover, that the cover {Ui)i^i can be 
partitioned into n + 1 subsets Uq, ■ ■ ■ ,L{n consisting of mutually disjoint elements. For definiteness, 
let us write Uk = {Ui^ '■ ik ^ Ik}- Now for each k we consider the closed subset of X 

ik£lk 

the map : Ik I and the (tty^, (.Ffe), e^., C)-approximation of A{Yk), induced by ak, which is of 
the form 

i-kM ^ {TrYA^k),e,{U,^,ip.,, : Di^ ~> A{U,J,n^^,g^,,S,J^,(ziJ, 
where each Ui^. is nonempty. We have 



(9) ""c/.J-^fc) Ce,/2 vsijHi J, 
by construction. Since ak -< ak+i we obtain 

(10) Tk^^k+i, 

(11) 'fikiGik) C TTu,^ (-^fc+i), for all ik&h, 

(12) Ek+i < min {{ek} U {Si^, ik E h}-) 

Set Xk = Yfe U • • • U y„ and Ek = C{Ui^) (E) Di^ for < k < n. We shall construct a sequence 



of C(Yfe)-linear *-monomorphisms, V-'fe ■ Ek ^ ^iYk), k = n, ...,0, such that (^/'fc, . . . , ?/>„) is an 
(n — A:)-fibered monomorphism into A{Xk). Each map 

i^k = (B^,iJ^, : Ek A{Yk) = (B^, A{U^J 
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will have components : C(Ui^) ®Di^ A{Ui^.) whose restrictions to Di^, will be perturbations 
of (ys.jj. : —> A{Ui^), ik G Ik- Wc shall construct the maps 'i/'fe by induction on decreasing k such 
that if Bk ~ A{Xk){i!k, ■ ■ ■ ,i^n) and rjk : A{Xk) is the map induced by the {n — fc)-fibered 

monomorphism (-0^, . . . ,il)„), then 

(13) nx,+,nu,^ (V^».(AJ) C nx,+,nu,^ {r]k+i{Bk+i)) , ^ ik & /fc, 
and 

(14) TTxA^k) C,, VkiBk). 
Note that is equivalent to 

(15) 7rXfc+inYfc(V'fc(-Bfc)) C 7rx,+inn (?7fc+i(Sfc+i)). 

For the first step of induction, fc = n, we choose ^pn = where (pi^ : C{Ui^) ® Di„ A{Ui^) 

are C(J7i„) -linear extensions of the original tpi^. Then Bn = En and rjn = ^n- Assume that 
■ ■ ■ , ipk+i were constructed and that they have the desired properties. We shall construct now 
ipk ■ Condition (fT4l) formulated for fc + 1 becomes 



(16) 7rx,.+i(J^fc+i) Ce,+i i-ik+i{Bk+i). 
Since e^+i < 6i^. , by using pT|) and (fTB|) we obtain 

(17) ^Tx^+^nu,^ ^s,^ ^^x^+.nu,^ (77^+1(5^+1)), for aU ik £ h- 
Since JTj. C Tk+i and e^+i < e^, condition pB]) gives 

(18) 7rx,+,(.Ffc) Ce, 77fc+i(Sfc+i). 

Conditions ([5]), p7|) and (jlSp enable us to apply Lemma 14.41 and perturb ipi^ to a *-monomorphism 
V'ifc : C{Ui^) ® A& ^ ^(C^jJ satisfying Uni) and ([H]) and such that 

(19) KK{i,,,\D^J^KK{^,,) 

if the algebras in C are assumed to be i^TiiT-stable. We set ij^k = ©1*. i^i^ and this completes the 
construction of (-007 ■ ■ ■ ^ ipn)- Condition (fH|) for fc = gives J- Cg 77o(i3o) = vi^ii^Q^ ■ • ■ 7 V'n))- Thus 
("00: ■ • ■ j'0n) satisfies the conclusion of the theorem. Finally let us note that it can happen that 
Xk = X for some fc > 0. In this case T Cg A{ipk, V'n) and for this reason we write n < dim(X) 
in the statement of the theorem. □ 

Proposition 4.7. Let X be a finite dimensional compact metrizable space and let A be a sep- 
arable continuous C{X) -algebra the fibers of which are stable Kirchberg algebras. Let D be a 
K K -semiprojective stable Kirchberg algebra and suppose that there exists a G KI{{D, A) such that 
ax G KK{D, A{x))^^ for all x G X. For any finite subset J- of A and any e > there is an n- 
fibered C -monomorphism (tAqj ■ • ■ j "0") A such thatn < dim(X), C ~ {D}, and each component 
^pi : C(Vi) (Si D ^ ^{Yi) satisfies KK{'ipi) = UYi, i = 0, . . . ,n. Moreover, if rj : A('0o, • ■ • , V'n) — * A 
is the induced ^-monomorphism, then T Cg 77(A('0Oj ■•■ i '/'«)) om.d KK(r]x) is a KK-equivalence 
for each x ^ X . 
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Proof. We repeat the proof of Theorem 14.61 while using only (JTj, Cj, {D})-approximations of A 
provided by the second part of Lemma l4.5l The outcome will be an n-fibered {£)}-monomorphism 
(-001 ■ • ■ J V^n) hito A such that T Ce 7]{A{ipo, . . . , tpn))- Moreover we can arrange that KK{ipi) — ay^ 
for alH = 0, . . . , n, by p9)) . since KK((pi^) = ajj^^ by Lemma [4.51 li x G X, and i = mm{k : x G 
Yfc}, then t]^ = {ipi)x, and hence KK{ri.j.) is a KK-equivalence. □ 

Remark 4.8. Let us point out that we can strengthen the conclusion of Theorem 14.61 and Propo- 
sition |4?7] as follows. Fix a metric d for the topology of X. Then we may arrange that there is a 
closed cover {Yq, y,'} of X and a number £ > such that {x : d{x, Y/) < i} C Yi for i = 0, n. 
Indeed, when we choose the finite closed cover U = {Ui)i^i oi X in the proof of Theorem 14 . 61 which 
can be partitioned into n + I subsets Uq, . . . ,Un consisting of mutually disjoints elements, as given 
by [H Lemma 3.2], and which refines all the covers b({ao), W(q;„) corresponding to ao, «„, we 
may assume that U also refines the covers given by the interiors of the elements ofU{ao), ...,ZY(a„). 
Since each Ui is compact and / is finite, there is £ > such that ii Vi = {x : d{x, Ui) < £}, then 
the cover V = (T^)ig/ still refines all of U{ao), ...,U{an) and for each k = 0,...,n, the elements 
of Vk = {Vi : Ui E Uk}, are still mutually disjoint. We shall use the cover V rather than U in 

the proof of the two theorems and observe that Yl. Uifce/t ^ikeik ^'■k ~ ^^'^ 

desired property. Finally let us note that if we define -0^ : E(Y^) — > A{Y^) by V'i = T^Y'i'i, then 
('00 J ■ ■ ■ J V'ra) is an n-fibered C-monomorphism into A which satisfies the conclusion of Theorem 14.61 
and Proposition 14.71 since 7ry'(jr) Ce ^i{Ei) for alH = 0, . . . , ti and X = IJili 

5. Representing C(X)-algebras as inductive limits 

We have seen that Theorem 14.61 vields exhaustive sequences for certain C(X)-algebras. In this 
section we show how to pass from an exhaustive sequence to a nested exhaustive sequence using 
semiprojectivity. The remainder of the paper does not depend on this section. 

Proposition 5.1. Let X, A and C be as in Theorem |^.6'[ Let {tpQ, . . . ,tpn) be an n-fibered C- 
monomorphism into A with components ipi : Ei — > A(Yi). Let Ti C Ei, T C ^(^Oi V'n) be finite 
sets and let e > 0. Then there are finite sets Qi C Ei and 5i > Q, i ~ ...,n, such that for any 
C{X)-subalgebra A' <Z A which satisfies ipiiGi) Gg- A'{Yi), i — 0, ...,n, there is an n-fibered C- 
monomorphism [ipQ, . . . ,ipn) A', with ■(/;,■ : Ei A'{Yi) and such that (i) \\'ipi{a) — 'ipl{a)\\ < e 
for all a E Ti and all i £ {0, (ii) i'4'j)x^i4'i)x = {'4'j)x^(.''Pi)x for all x £ Yi Ci Yj and 

1^ i l£ j ^ n. Moreover A{tJjo, ■ ■ ■ , ipn) = A'(jP'q, . . . , 0^) and the maps rj : A(0O7 0n) A and 
V' ■ ^'("00, ■■■,'>P'n) ^' induced by {tpo, ...,tpn) and {ipQ, . . . ,?/'^) satisfy (Hi) ||7;(a) - 7/(a)l| < e 
for all a E T . 

Proof. Let us observe that if we prove (i) and (ii) then (iii) will follow by enlarging the sets Ti so 
that Pi{J-) C Ji, where pi : j4(0O: 4'n) Ei are the coordinate maps. We proceed now with the 
proof of (i) and (ii) by making some simplifications. We may assume that Eq = C{Yq) ® Dq with 
Do G C since the perturbations corresponding to disjoint closed sets can be done independently of 
each other. Without any loss of generality, we may assume that !Fo C Dq since we are working with 
morphisms on Eq which are C(yo)-linear. We also enlarge J^o so that for each direct summand C 
of Dq, J-'q contains an element c which is full in C and such that ||c|| > 2e. 

The proof is by induction on n. If n = the statement follows from Proposition 13.71 and 
Lemma 14.11 Assume now that the statement is true for n — 1. Let Ei, -ipi, A, A' , J-i, 1 < i < n 
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and £ be as in the statement. For < i < j < n let rjj,i : EiiYi n Y,) — > Ej{Yi CiYj) be the 
*-homomorphism of C{Yi fl Y,)-algebras defined fiberwise by {'r]j^i)x = {i^j)x^ii'i)x 

Let Qo and Sq be given by Proposition 13.81 apphed to the C*-algebra Dq for the input data Tq 
and £. For each 1 < j < n choose a finite subset Hj of Ej whose restriction to Yj DYq contains 
VjfiiQo)- Consider the sets T'^ := TjUTij, I < j <n and the number e' = min{(5o,e}. Let Qi, ...Gn 
and Si,...,6n be given by the inductive assumption for n — 1 apphed to A{Xi), A'{Xi), tpj, JFj, 
1 < j < 71 and e', where Xi = YiU ■ ■ ■ UYn. 

We need to show that Ga,Qi, ■■■Gn and Sq^Si, ■■.,Sn satisfy the statement. By the inductive 
step there exists an (n — l)-fibered C-monomorphism {ip'i, ... ,-0^) into A'{Xi) with components 
ip'j ■■ E.J A'(Yj ) such that 

(a) ^ < e' = iniii{i5oi s} for all a G U TL^ and all 1 < j < n, 

(b) {'^pj)-\i>^)x = {'4^',)xH■^'^)x for aU x€Y,r\ Y, and l<i<j<n, 

The condition (b) enables to define a *-homomorphism ip : Eq ^'(^o H Xi) with fiber maps 
fx = {'^Pj)x{ipj)x^{iJo)x for X eYoll Yj and 1 < j < 

Let us observe that : E^ ^ ^(^o) is an approximate lifting of ^p. More precisely we have 
||7r]^° i-iy-^^-0o(i) — < &o for all a G Gvi- Indeed, for x S Fg H Yj, 1 < j < n and a G Go have 

ll('/'o):r(a(2:)) - {ij'j)x{ijJ^)xiiJo)xiaix))\\ = \\ii^j)x{Vj,o)x{a{x)) - ii^j)xiVjfi)xiaix))\\ 

< sup \\^P,{h)-^/Jh)\\<e' <do^ 

heHj 

Since we also have ipQ{Ga) Cs„ A'{Yq) by hypothesis, it follows from Proposition 13.81 that there 
exists t/'o : Dq ^(^o) such that ||V'o('*) ~ V'o(a)|| < £ for all a € J^q and t^yI^Xi'^o = 'P- -^y 
Lemma [4. II each {iPq)x is injective since each {ipo)x is injective. The C(yo)-linear extension of ip^ 
to Eq satisfies {ipj)x^{''Po)x = (V'jOx ^(V'o).t for all x G Fg fl Yj and I < j < n and this completes 
the proof of (ii). Condition (i) follows from (b). □ 

The following result gives an inductive limit representation for continuous C(X)-algebras whose 
fibers are inductive limits of finite direct sums of simple semiprojective C*-algebras. For example 
the fibers can be arbitrary AF-algebras or Kirchberg algebras which satisfy the UCT and whose 
A'l-groups are torsion free. Indeed, by [121 Prop. 8.4.13], these algebras are isomorphic to inductive 
limits of sequences of Kirchberg algebras (-D„) with finitely generated K-theory groups and torsion 
free A'l-groups. The algebras D„ are semiprojective by [33| . 

Theorem 5.2. LetC be a class consisting of finite direct sums of semiprojective simple C*-algehras. 
Let X be a finite dimensional compact metrizahle space and let A be a separable continuous C{X)- 
algebra such that all its fibers admit exhaustive sequences consisting of C*-algebras isomorphic 
to C*-algebras in C. Then A is isomorphic to the inductive limit of a sequence of continuous 
C{X)-algebras Ak such that catc(^fc) < dim(X). 

Proof. By Theorem 14.61 and Proposition 15.11 we find a sequence ...^tp^'n^) of n-fibered C- 

monomorphisms into A which induces *-monomorphisms rj^^^ : Ak = A('iJjq''\ — > A with 
the following properties. There is a sequence of finite sets JTj. c Ak and a sequence of C(X)-linear 
*-monomorphisms fik '■ Ak ^ Ak+i such that 

(i) ||?7('=+iVfc(a) - ?7^''Ha)ll < 2"'' for aU a e Tk and aU fc > 1, 

(ii) ^fe(J^fe) C Tk+i for all fc > 1, 
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(iii) U^fc+1 ■ ■°fJ'k) i^j) is dense in Ak and U^fe V^''^^]) is dense in A for all fc > 1. 

Arguing as in the proof of [291 Prop. 2.3.2], one verifies that 

(Pk{a) = lini 77^^' o Ulj^i o • • • o /ife)(a) 

defines a sequence of *-mononiorphisins ipk '■ Ak — > A such that Lpk+i^ik = and the induced 
map (p : ImiJ^Ak, ^ik) — > ^ is an isomorphism of C(X)-algcbras. □ 

Remark 5.3. By similar arguments one proves a unital version of Theorem 15.21 

6. When is a fibered product locally trivial 

For C*-algebras A, B we endow the space Hom(A, B) of *-homomorphisms with the point-norm 
topology. If X is a compact Hausdorff space, then Hom(A, C{X) ® B) is homeomorphic to the 
space of continuous maps from X to Hom(A, B) endowed with the compact-open topology. We 
shall identify a *-homomorphism Lp G Hom(A, C{X) ® B) with the corresponding continuous map 
X Hom(A, B), X 1-^ (fix, fx{a) = for all a; e X and a £ A. Let be a C*-algebra and 

let A be a C(X)-algebra. If a : D — > A is a *-homomorphism, let us denote by a : C{X) ® D ^ A 
its (unique) C(X)-linear extension and write a £ liomc(x){C{X) ^ D,A). For C*-algebras D, B 
we shall make without further comment the following identifications 

Homc(x)(C(X) ® D, C{X) ® B) = Hom(i:>, C{X) ® B) = C{X, Hom(7:>, B)). 

For a C*-algebra D we denote by End(D) the set of full [and unital if D is unital) H<-endoniorphisms 
of D and by End(Z))" the path component of id/) in End{D). Let us consider 

End(i:>)* = {76 End(L>) : KK{-/) e KK{D,Dy^}. 

Proposition 6.1. Let X be a compact metrizable space and let D be a K K -semiprojective Kirch- 
berg algebra. Let a : D ^ C{X) ® D be a full (and unital, if D is unital) *-homomorphism such 
that KK{ax) € KK{D,D)~^ for all x e X. Then there is a full *-homomorphism 
C{X X [0,1]) (® D such that ^(^x,o) = Oix and ^(x,t) € Aut(L') for all x e X and t e (0, 1]. More- 
over, i/ $1 : D ^ C{X) ® D is defined by ^i{d){x) — <i>(^_i)(d), for all d e D and x e X, then 
a ^uh hi- 
proof. Since X is a metrizable compact space, X is homeomorphic to the projective limit of a se- 
quence of finite simplicial complexes {Xi) by [131 Thm. 10.1, p. 284]. Since D is i^K-semiprojective, 
KK{D,lim C{X,) (E)D) = KK{D, C{X) ® D) by TheoremEHl By TheoremO there is i and 
a full (and unital if D is unital) *-homomorphism ip : D ^ C{Xi) ® D whose KK-class maps 
to KK{a) e KK{D,C(X) D). To summarize, we have found a finite simplicial complex Y, a 
continuous map h : X ^ Y and a continuous map y '-^ Py G End(D), defined on Y, such that 
the full (and unital if D is unital) =i<-homomorphism h*p : D ^ C(X) (g) D corresponding to the 
continuous map x 1— > Ph{x} satisfies KK{h*p) = KK{a). We may arrange that h(X) intersects 
all the path components of Y by dropping the path components which are not intersected. Since 
ax £ End(D)* by hypothesis, and since KK{ax) = KK{p^x)): we infer that py £ End(D)* for 
all y £ y. We shall find a continuous map y 1-^ ipy E End(Z?)* defined on Y, such that the maps 
y >— > ipyVy ^iid y I— > Py'>py are homotopic to the constant map t that takes Y to idjj. It is clear 
that it suffices to deal separately with each path component of y , so that for this part of the proof 
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we may assume that Y is connected. Fix a point z ^ Y. By [29l Thm. 8.4.1] there is G Aut(Z)) 
such that KK{v~^) ~ KK{if^) and hence KK{vLpz) = KK{\do)- By Theorem 13. 1[ there is a 
unitary u £ M{D) sucli that uv(fz{~)u* is homotopic to id/). Let us set 6 ~ uv{—)u* G Aut(_D) 
and observe that 9tfz & End(_D)". Since Y is path connected, it foUows that the entire image of 
the map y ^ 9ify is contained in End(Z))*'. Since End(L))" is a path connected H-space with unit 
element, it follows by [38l Thm. 2.4, p462] that the homotopy classes [Y, End(_D)"] (with no con- 
dition on basepoints, since the action of the fundamental group 7ri(End(-D)°, id^i) is trivial by [351 
3.6, pl66]) form a group under the natural multiplication. Therefore we find y ip'y & End(£))'^ 

def 

such that y i— > ip'yOipy and y ^ Otpyip'y are homotopic to i. It follows that y ^ ipy = ip'yO is 
the homotopic inverse oi y t-^ (py in [F, End(Z))*]. Composing with h we obtain that the maps 
^ Vh{x)''Ph{x) s-nd X iphix)Vh{x} s-re homotopic to the constant map that takes X to id^). By 
the homotopy invariance of A'ii'-theory we obtain that 

KK{h*^h*i') = KK{h*^h*Lp) = KK{ld), 

where h*ip and h*ip denote the C(X)-linear extensions of the corresponding maps and lu '■ D ^ 
C{X) ® D IS defined by Loid) = lc(x) ® d for all d e D. Let us recaU that KK{h*Lp) = KK{a) 
and hence KK{h*ip) = KK{a). If we set * = then 

KK{a^) = KK{^a) = KK{ld). 

By Theoreni[3lT]5 ^ tn and $ a in, and hence a $ idc(x)®D and $ a idc(x)«D- By 
j29l Cor. 2.3.4], there is an isomorphism F : C{X)®D C{X)®D such that F 5. In particular 
F is C(X)-linear and F^; G Aut(i?) for all x S X. Replacing F by uT{-)u* for some unitary 
u £ M(C(X)(g)I?) we can arrange that F|d is arbitrarily close to a. Therefore KK{r\D) ~ KK{a) 
since D is KK-stable. By Theorem l3 . 1 I there is a continuous map (0, 1] U{M{C{X)®D)), 1 1-^ ut, 
with the property that 

lini \\utT{a)u^ - a{a)\\ = 0, for aU a e D. 

Therefore the equation 

I ?/t(a:)F,Ut(a:)*, ift £ (0,1], 

defines a continuous map ^ : X x [0,1] ^ End{D)* which extends a and such that ^{X x (0, 1]) C 
Aut(£'). Since a is homotopic to $i, we have that a $1 by Theorem 13. II □ 

Proposition 6.2. Let X be a compact metrizable space and let D he a K K -semiprojective Kirch- 
berg algebra. Let Y be a closed subset of X . Assume that a map j : Y —> End(I?)* extends to a 
continuous map a : X —>■ End(D)*. Then there is a continuous extension rj : X —f End(I?)* 0/7, 
such that r]{X \Y) C AutiD). 

Proof. Since the map x takes values in End(-D)*, by Froposition lG. ll there exists a continuous 

map <I> : X X [0, 1] ^ End(£')* which extends a and such that ^{X x (0, 1]) C Aut(L)). Let d be 
a metric for the topology of X such that diam(X) < 1. The equation ri{x) = $(a;, d{x, Y)) defines 
a map on X that satisfies the conclusion of the proposition. □ 
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Lemma 6.3. Let X be a compact metrizahle space and let D he a K K -semiprojective Kirchberg 
algebra. Let Y be a closed subset of X . Let a : y x [0, 1] U X x {0} End(_D) he a continuous 
map such that a(a;,o) £ End(D)* for all x E X . Suppose that there is an open set V in X which 
contains Y and such that a extends to a continuous map ay ■ V x [0, 1] U X x {0} —>■ End(D). 
Then there is r] : X x [0,1] End(£')* such that rj extends a and ?7(a;,t) G Aut(D) for all x G X\Y 
and t E (0, 1]. 

Proof. By Proposition 16.21 it suffices to find a continuous map a : X x [0,1] ^ End(_D)* wliicli 
extends a. Fix a metric d for tlie topology of X and define X : X ^ [0, 1] by A(a;) = d{x, X \ 
V){d{x,X\ V) + d{x,Y))^\ Let us define S : X x [0,1] ^ End(D) by = av{x,X{x)t) and 

observe tlrat a extends a. Finally, since Sj^. is homotopic to a(^x,o) = '^{x,o)j we conclude that 
the image of a in contained in End(Z?)*. □ 

Proposition 6.4. Let X be a compact metrizahle space and let D he a K K -semiprojective stable 
Kirchberg algebra. Let A he a separable C{X)-algebra which is locally isomorphic to C{X) ® D. 



ere ts 



Suppose that there is a € KK{D, A) such that G KK{D,A{x)) ^ for all x G X. Then th 
an isomorphism of C{X)- algebras ■0 : C!{X) ® -D — > A such that KK(il;\]j) = a. 

Proof. Since X is compact and A is locally trivial it follows that cat{x5}(^) < oo. By Lemma [ 
A = pAp (E) Ooo ® IC for some projection p E A. By Theorem 13. 1[ there is a full *-homomorphism 
ip : D A such that KK{ip) = a. We shall construct an isomorphism of C(X)-algebras ip : C{X)^ 
D A such that V' is homotopic to ip, the C(X)-linear extension of (p. Moreover the homotopy 
{Ht)te[o,i] '^ill have the property that i^(x,t) • D A{x) is an isomorphism for all x G X and t > 0. 
We prove this by induction on numbers n with the property that there are two closed covers of 
X, Wi, Wn and Yi, ...,!"„ such that Yi contained in the interior of Wi and A(Wi) = C{Wi) ® D 
for 1 < i < n. First we observe that the case n = 1 follows from Proposition 16. 21 Let us now pass 
from 71 — 1 to n. Given two covers as above, there is yet another closed cover Vi, ...,Vn oi X such 
that Vi is a neighborhood of Yi and Wi is a neig hborhood of V for aU 1 < i < n. Set Y = U1~^Y,, 

V = U"J]^^Vi and W — U"^^Wi. By the inductive hypothesis applied to A(y), and the covers 
Vi, Vn-i and Wi D V, Wn-i n V there is a homotopy h : D ^ A{V) (g) C[0, 1] such that 
^{x.o) = and /i(a;.t) : D A{x) is an isomorphism for all {x,t) E V x [0,1]. Fix a trivialization 
I' : A{Yn+i) C{Yn+i)(E)D. Define a continuous map a : (VDYn+i) x [0, l]UK„+i x {0} End{D) 
by setting a(^_t) = lyxhi^^^t) if ix,t) E {V D F„+i) x [0,1] and a(^^^o) = ^xVx if a; G F„+i. Since 

V n Yn+i is a neighborhood of F n Yn+i in Yn+i and since v^ipx G End(D)* for all x E Yn+i, by 
Lemma 16.31 there is a continuous map 77 : Yn+i x [0, 1] End(_D)* which extends the restriction 
of a to (F n Yn+i) X [0, 1] U Yn+i x {0}. We conclude the construction of the desired homotopy by 
defining H : D ^ A{X) C[0, 1] by H^,^^t) = h(^^t) for {x, t) eY x [0, 1] and H(^^t) = v-'^-n(x,t) for 
(x,t) Gy„+i x [0,1]. □ 

Lemma 6.5. Let D be a KK -semiprojective stable Kirchberg algebra. Let X be a compact metriz- 
ahle space and Y, Z be closed subsets of X such that X = YUZ . Suppose that j : D C{YnZ)(g)D 
is a full *-homomorphism which admits a lifting to a full *-homomorphism a : D ^ C!{Y) ® D 
such that ax E End(I?)* for all x E Y . Then the pullback CiY) D ®T!YnzriTYnz ^{^) ® D is 
isomorphic to C{X) ® D. 
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Proof. By Prop. [6T2] there is a =i<-liomoniorphism rj : D ^ C{Y)®D such that rjx = ior x ^ Y H Z 
and such that 77^ G Aut(_D) for x £ Y \ Z . Using the short five lemma one checks immediately 
that the triplet {r},j,idc{z)(g>D) defines a C(X)-linear isomorphism: 

C{X) ^D = C{Y) D ©.,n.,^^n. CiZ) ®D-^ C{Y) ® D ©.,^..7-^0. CiZ) ®D. □ 

Lemma 6.6. Let D he a K K -semiprojective stable Kirchberg algebra. Let Y , Z and Z' be closed 
subsets of a compact metrizable space X .such that Z' is a neighborhood of Z and X = YUZ . Let B 
be a C(Y)-algebra locally isomorphic to C(Y) ®D and let E be a C{Z')-algebra locally isomorphic 
to C{Z') ® D. Let a : E{Y n Z') B{Y n Z') be a *-monomorphism ofC{Y n Z')-algebras such 
thatKK{ax) e KK{E{x), B{x)Y^ for all x e YnZ'. Ifj = aynz, then B{Y)®^Ynzn^Ynz E{Z) 
is locally isomorphic to C{X) (E) D. 

Proof. Since we are dealing with a local property, we may assume that B = C{Y) (g) D and 
E = C{Z') D. To simplify notation we let tt stand for both TTynz ^^"^ "^Ynz ^^1^ sequel. Let 
us denote by H the C(X)-algebra C{Y) ® D ©„,^^ C{Z) D. We must show that H is locally 
trivial. Let x £ X. li x ^ Z, then there is a closed neighborhood V of x which does not intersect 
Z, and hence the restriction of If to 1^ is isomorphic to C{V) D, as it follows immediately from 
the definition of H. It remains to consider the case when x £ Z. Now Z' is a closed neighborhood 
of 2; in X and the restriction of H to Z' is isomorphic to C{Y D Z') ® D ©tt.-ytt C{Z) ® D. Since 
7 : F n Z ^ End(L»)* admits a continuous extension a : Y Ci Z' ^ Eiid{D)* , it follows that H{Z') 
is isomorphic to C{Z') ® D by Lemma [6?5] □ 

Proposition 6.7. Let X , A, D and a be as in Proposition ^ For any finite subset T of A and 
any e > there is a C{X)-algebra B which is locally isomorphic to C{X) ® D and there exists a 
C{X)-linear *-monomorphism : B ^ A such that T Cg r](Li) and KK{r}x) G KK{B{x), A{x))~^ 
for all X £ X . 

Proof. Let ip^ ■ Ek — C(Yfe) (E) D ^ A{Yk), fc = 0, n be as in the conclusion of Proposition 14. 7[ 
strengthen as in Remark 14.81 Therefore we may assume that there is another n-fibered {D}- 
monomorphism (i/jq, V'n) into A such that ip'/, : C{Y^)^D — > A{Y^), Y^ is a closed neighborhood 
of Yi, and i^Yk'^'k ~ V'fcj k = 0, n. Let Xk, Bk, rjk and 7^ be as in Definition l2.8l Bq and r]Q satisfy 
the conclusion of the proposition, except that we need to prove that Bq is locally isomorphic to 
C{X) ®D. We prove by induction on decreasing k that the C(Xfc)-algebras Bk are locally trivial. 
Indeed i?„ = C(X„) ® D and assuming that Bk is locally trivial, it follows by Lemma [6.61 that 
Bk-i is locally trivial, since by (O 

= Bk ©TrT/fc.TrVfc-i Ek^l = Bk ffi7r,7fc7r Ek-1, ( TT = TrXkHYk-i) 

and7fc : Ek-i{Xkr\Yk-i) Bk{XknYk^i), {-fk)x = {r]k)x^{ipk-i)x, extends to a *-monomorphism 
a : Ek-i{Xk n Bk{Xk D Y^_^), ax = {rik)x^ iipk-i)x and KK{ax) is a KK-equivalence 

since both KK{{r]k)x) and KK{{ipk-i)x) are KK-equi valences. □ 

7. When is a C(X)-algebra locally trivial 
In this section we prove Theorems II . 1 1 - 1 1 . 5 1 and some of their consequences. 
Proof of Theorem 
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Proof. Let X denote the primitive spectrum of A. Then A is a continuous C(X)-algebra and 
its fibers are stable Kirchberg algebras (see [51 2.2.2]). Since A is separable, X is metrizable by 
Lemma[521 By Proposition 16 . 71 there is a sequence of C(X)-algebras (^fe)^i locally isomorphic to 
C{X)(E)D and a sequence of C(X)-linear *-monomorphisms : A^ A)'^^, such that KK{rik)x 
is a KK-equivalence for each x ^ X and (?7fe(^fe))^i is an exhaustive sequence of C(X)-subalgebras 
of A. Since D is weakly semiprojective and KK-stable, after passing to a subsequence of (^fe) if 
necessary, we find a sequence {<Jk)kLii '^k € KK{D,Ak) such that KK{T]k)(Tk ~ cr for all k > 1. 
Since both KK{T]k)x and are KK-equivalences, we deduce that {(Jk)x G KK{D, Ak{x))~'^ 
for all X E X. By Proposition 16. 4[ for each fc > 1 there is an isomorphism of C(X)-algebras 
(fk ■ C{X) (g) D ^ Ak such that KK{(pk) = (Jk- Therefore if we set 9k = ilkfk; then Ok is a 
C(X)-hnear *-monomorphism from B '^^ C{X) ® D to A such that KK{ek) = a and {6k{B))'^^^ 
is an exhaustive sequence of C(X)-subalgebras of A. Using again the weak semiprojectivity and 
the KK-stability of -D, and Lemma [4.1) after passing to a subsequence of {0k)'kLii we construct a 
sequence of finite sets Tk C B and a sequence of C(X)-linear *-monomorphisms ^k ■ B ^ B such 
that 

(i) KKiOk+Uik) = KKidk) for all fc > 1, 

(ii) \\ek+iiik{a) - ek[a)\\ < 2"^= for all a e Tk and all k > 1, 

(iii) Hk{J^k) C Tk+i for all fc > 1, 

(iv) U^fe+i (/^i-i ° • • • ° A'fe) (-^j) is dense in B and Ujlfc ^ji^j) is dense in A for all fc > 1. 
Arguing as in the proof of Prop. 2.3.2], one verifies that 

Afe(a) = lim 9j o o • • • o Hk){a) 

j-fOO 

defines a sequence of *-monomorphisms Ak : B ^ A such that Ak+if-ik = Ak and the induced 
map A : lim^(i3,^fc) — > ^ is an isomorphism of C(X)-algebras. Let us show that Iim^(i3,/Xfc) is 
isomorphic to B. To this purpose, in view of Elliott's intertwining argument, it suffices to show 
that each map /ife is approximately unitarily equivalent to a C(X)-lincar automorphism of B. Since 
KK{9k) ~ cr, we deduce from (i) that KK{{iik)x) = KK{\do) for all x E X. By Proposition [O] 
this property implies that each map /i/c is approximately unitarily equivalent to a C(X)-linear 
automorphism of B. Therefore there is an isomorphism of C(X)-algebras A : B ^ A. Let us show 
that we can arrange that KK{A\o) = <J- By Theorem 13.11 there is a full *-homomorphism a : 
D B such that KK{a) = KK{A-'^)a. Since KK{A-'^)ax E KK{D,D)-\ by Proposition O 
there is $1 : D ^ C{X) (g) D such that $1 G Autcix){B) and KK{<i>i) = KK(A-^)a. Then 
$ = A<t>i : B ^ ^ is an isomorphism such that KK{^\d) = KK{A^i) = cr. □ 

Dixmier and Douady [T2j proved that a continuous field with fibers /C over a finite dimensional 
locally compact Hausdorff space is locally trivial if and only it verifies Fell's condition, i.e. for each 
xq Cz X there is a continuous section a of the field such that a{x) is a rank one projection for each 
X in a neighborhood of xq- We have a analogous result: 

Corollary 7.1. Let A be a separable C*-algebra whose primitive spectrum X is Hausdorff and of 
finite dimension. Suppose that for each x G X, A{x) is KK -semiprojective, nuclear, purely infinite 
and stable. Then A is locally trivial if and only if for each x E X there exist a closed neighborhood 
V of X, a Kirchberg algebra D and cr £ KK{D,A(V)) such that cr„ G KK{D, A{v))^^ for each 

veV. 
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Proof. One applies Theorem [L2l for D ® IC and A{V). □ 

Proposition 7.2. Let ip be a full endomorphism of a Kirchberg algebra D. If D is unital we assume 
that ■0(1) = 1 as well. Then the continuous C[0, l]-algebra E ^ {f £ C[0, 1] £> : /(O) G ipiD)} is 
locally trivial if and only if ip is homotopic to an automorphism of D. 

Proof. Suppose that E is trivial on some neighborhood of 0. Thus there is s G (0, 1] and an 
isomorphism 9 : C[0, s] D ^ E[{),s\. Since i?[0, s] C C[0, s] ® D, there is a continuous path 
{Ot)t(^[o.s] in End(L') such that Ot G Autp) for < t < s and 6lo(-D) = '>1>{D). Set (3 = 0'^^) G 
Aut(I?). Then -0 is homotopic to an automorphism via the path {OtP)te[vi.s]- Conversely, if ip is 
homotopic to an automorphism a, then by Theorem 13.11 there is a continuous path ('Ut)tg(o.i] of 
unitaries in Z)+ such that lim^^o ~ Uta{d)ul\\ = for all d & D. The path (6't)(g[o,i] defined 

hy 9q = if} and 9t = utau^ for t G (0, 1] induces a C[0, l]-linear *-cndomorphism of C[0, 1] D 
which maps injectively C[0, 1]® D onto iJ. 

□ 

Proof of Theorem \1.3[ 

Proof. For the first part we apply Theorem 11.21 for D = O2 <E> IC and a = 0. For the second part 
we assert that if is a Kirchberg such that all continuous C[0, l]-algebras with fibers isomorphic 
to D are locally trivial then D is stable and KK{D, D) = 0. Thus D is KK-equivalent to O2 and 
hence that D = O2 ® JC hy [29l Thm. 8.4.1]. The Kirchberg algebra D is either unital or stable 
P51 Prop. 4.1.3]. Let -0 : — > _D be a *-monomorphism such that KK^ij}) = and such that 
■0(1_d) < 1_d if -D is unital. By Proposition 17.21 ib is homotopic to an automorphism of 9 of D. 
Therefore D must be nonunital (and hence stable), since otherwise Id would be homotopic to its 
proper subprojection ■0(1d). Moreover KK{9) = KK{il)) = and hence KK{D, D) = since 9 is 
an automorphism. □ 

We turn now to unital C( A") -algebras. 

Theorem 7.3. Let A be a separable unital C{X)-algebra over a finite dimensional compact Haus- 
dorff space X. Suppose that each fiber A{x) is nuclear simple and purely infinite. Then A is 
isomorphic to C{X) (g) D, for some K K -semiprojective unital Kirchberg algebra D , if and only if 
there is a & KK{D,A) such that Ko{a)[lD] = [1a] and G KK{D, A{x))~^ for all x e X. For 
any such a there is an isomorphism of C{X)- algebras $ : C{X)®D — > A such that KK{'^\i:j) = a. 

Proof. We verify the nontrivial implication. X is metrizable by Lemma 12.21 A is a continuous 
C(X)-algebra by Lemma [2731 By Theorem ll.2i there is an isomorphism $ : C{X)®D®1C A®K. 
such that KK{^) = a. Since _ft'o(o')[lz3] = [1a], and since A®K. contains a full properly infinite 
projection, we may arrange that ^(\c(x)®d ® en) = ^a® en after conjugating (f> by some unitary 
u G M{A ® K.). Then ip = 3'|c(x)®_D®eii satisfies the conclusion of the theorem. □ 

Proof of Theorem \1.4\ 

Proof. Let D be a KK-semiprojective unital Kirchberg algebra D such that every unital H<-endomorphism 
of Z? is a KK-equivalence. Suppose that A is a separable unital C(X)-algebra over a finite dimen- 
sional compact Hausdorff space the fibers of which are isomorphic to D. We shall prove that A is lo- 
cally trivial. By Theorem [731 it suffices to show that each point xq £ X has a closed neighborhood 
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V for which there is ct G KK{D,A(V)) such that A'o(cr)[lD] = [^A{v)] and ctx e yl(a;))"^ 
for all X £ V. 

Let (Kt)^i be a decreasing sequence of closed neighborhoods of xo whose intersection is {xq}- 
Then A{xo) = lim A{Vn)- By assumption, there is an isomorphism rj : D ^ ^(a;o)- Since D is 
KK-semiprojective, there is m > 1 such that KK{rj) lifts to some a G KK{D,A{Vm)) such that 
Kt^{a)[lD\ = Let x G Vi„- By assumption, there is an isomorphism Lp : A{x) — > D. 

The /Co-morphism induced by KK(ip)ax maps [Id] to itself. By Theorem 13.11 there is a unital 
*-homomorphism ijj : D ^ D such that KK{ip) = KK(ip)ax- By assumption we must have 
KK{ijj) G KK{D, D)^^ and hence (Tx G KK{D, A{x))^^ since (p is an isomorphism. Therefore 
A{Vra) = C{Vra) (E) D hy Thcorcm O 

Conversely, let us assume that all separable unital continuous C[0, l]-algebras with fibers iso- 
morphic to D are locally trivial. Let ip be any unital ^-endomorphism of D. By Proposition 17. 21 
is homotopic to an automorphism of D and hence KK^tjj) is invertible. □ 

Proof of Theorem \1.1\ 

Proof. Let A be as in Theorem 11.11 and let n G {2,3,...} U {oo}. It is known that On satisfies 
the UCT. Moreover Ko{On) is generated by [lo„] and ifi(0„) — 0. Therefore any unital *- 
endomorphism of 0„ is a KK-equivalence. It follows that A is locally trivial by Theorem 11.41 
Suppose now that n ^ 2. Since KK{02,02) = KK{02,A) ^ 0, we may apply Theorem [Ol 
with (T = and obtain that A = C{X) 02- Suppose now that n ~ oo. Let us define 9 : 
Ko{Ooo) Ko{A) by e{k[loJ) = fc[U], fc G Z. Since satisfies the UCT, 6 lifts to some 
element a G KK{Ooc,A). By Theorem [Lil it follows that A ^ C{X) (g) Ooq. Finally let us consider 
the case n G {3,4,...}. Then A'o(C'„) = Z/(n — 1). Since C„ satisfies the UCT, the existence 
of an element a G KK{On, A) such that ii'o(o')[lc'„] = [1a] is equivalent to the existence of a 
morphism of groups 6 : Z/{n — 1) ^ Ko{A) such that 9{1) = [^a]- This is equivalent to requiring 
that (n- 1)[U] = 0. □ 

As a corollary of Theorem ll.il we have that [X, Aut(C'oo)] reduces to a point. The homotopy 
groups of the endomorphisms of the stable Cuntz-Krieger algebras were computed in [7]. Let 
Vi, . . . ,Vn be the canonical generators of 0„, 2 < n < oo. 

Theorem 7.4. For any compact metrizable space X there is a bijection [X, Aut(C'„)] Ki{C{X)(E) 
On). The k*'^ -homotopy group 7rfc(Aut(0„)) is isomorphic to Z/{n — 1) if k is odd and it vanishes 
if k is even. In particular T:i{Aut{On)) is generated by the class of the canonical action of T on 

On, Xz{vi) = ZVi. 

Proof. Since 0„ satisfies the UCT, we deduce that End(C'„)* = End(C'„). An immediate applica- 
tion of Proposition [HT] shows that the natural map Aut(C'„) ^ End(C'„) induces an isomorphism 
of groups [X, Aut(0„)] = [X,End(0„)]. Let t : 0„ C{X)®On be defined by L{vi) = lc(x)®i'i, 
i = 1, n. The map ip i—>- u{ip) = 'ijj{vi)L{vi)* + ■ ■ ■ + 'ip{vn)i{vn)* is known to be a homeomorphism 
from IIoni(0„, C{X) On) to the unitary group of C{X) On- Its inverse maps a unitary w to 
the H<-liomomorphism ip uniquely defined by ip{vi) = WL{vi), i = 1, ...,n. Therefore 

[X,Aut{On)] = [X,End(0„)] = MU{CiX) ® On)) ^ Ki{C{X) ® On). 
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The last isomorphism holds since ttq{U{B)) = Ki{B) if B = B ® Ooo, by [281 Lemma 2.1.7]. 
One verifies easily that ii Lp G Hom(0„,C(X) ©„), then u{ip(p) = ip{u{ip))u{ip). Therefore the 
bij action X : [X, End(_D)] Ki{C{X)(SiOn) is an isomorphism of groups whenever A"i(?/') = id for 
all ip G Hom(0„,C(X) Cg) On)- Using the C(X) -linearity of ip one observes that this holds if the 
n—1 torsion of Kq{C{X)) reduces to {0}, since in that case the map Ki{C{X)) — > Ki{C{X)^On) 
is surjective by the Kiinneth formula. □ 

Corollary 7.5. Let X be a finite dimensional compact metrizable space. The isomorphism classes 
of unital separable C{SX) -algebras with all fibers isomorphic to On are parameterized by Ki{C{X)()S) 

On). 

Proof. This follows from Theorems 11.11 and 17.41 since the locally trivial principal i7-bundles over 
SX ~ X X [0,1]/ X X {0,1} are parameterized by the homotopy classes [X,H] if iJ is a path 
connected group [ITl Cor. 8.4]. Here we take H = Aut(0„). □ 

Examples of nontrivial unital C(X)-algebras with fiber On over a 2m-sphere arising from vector 
bundles were exhibited in [36], see also [35] . 

We need some preparation for the proof of Theorem 11.51 Let G be a group, let g G G and set 
End(G, g) = {a G End(G) : a{g) = g}. The pair {G,g) is called weakly rigid if End(G, g) C Aut(G) 
and rigid if End(G, g) = {idc}. 

Theorem 7.6. If G is a finitely generated abelian group, then {G,g) is weakly rigid if and only 
if {G,g) is isomorphic to one of the pointed groups from the list Q of Theorem ] 1.51 

Proof. First we make a number of remarks. 

(1) {G,g) is weakly rigid if and only if {G,a{g)) is weakly rigid for some (or any) a G Aut(G). 
Indeed if /3 G End(G, g) then aPa~^ G End(G, «((?)). 

(2) By considering the zero endomorphism of G we see that if (G, g) is weakly rigid and G ^ 
then g ^ 0. 

(3) If {G ® H,g ® h) is weakly rigid, then so are (G, g) and {H, h). 

(4) Let us observe that {7?,g) is not weakly rigid for any g. Indeed, if g = {a,b) ^ 0, then 
the matrix ( ^ , 2 I defines an endomorphism a of 7? such that a{g) = g, but a is not 



-ab 1 

invertible since det(Q!) = 1 + a'^ + fe'^ > 1. 

(5) Let p be a prime and let 1 < ei < 62, < si < ei, < S2 < ^2 be integers. If {G,g) = 
(Z/p*^! © ©p^^) is weakly rigid then < S2 ^ si < 62 — ei. Indeed if si > .S2 then 

the matrix I ^ \ induces a noninjective endomorphism of {G,g). Also if si < S2 and 

S2 — si > 62 — ei then p'^^b — in 'Z/p'^^, where b = p^^-^i g^j^j ^j-^^, matrix I "I induces a 




well-defined noninjective endomorphism of [G,g). 

(6) Let p be a prime and let 1 < fc, < s < e be integers. Suppose that (Z © Z/p'^, k © p'^) is 
weakly rigid. Then k is divisible by p^^^. Indeed, seeking a contradiction suppose that k can be 
written as k = p^c where < t < s and c are integers such that c is not divisible by p. Let d be 
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an integer such that dc — 1 is divisible by p^. Then the matrix induces a noninjective 

\dp'^ / 

endomorphism of (Z © Z/p"^, k (B p^). 

Suppose now that (G, g) is weakly rigid. We shall show that (G, g) is isomorphic to one of the 
pointed groups from the list Q. Since G is abelian and finitely generated it decomposes as a direct 
sum of its primary components 

(20) G^Z''eG(pi)e---©G(p„) 

where pi are distinct prime numbers. Each primary component G{jpi) is of the form 

(21) g(k)= w®---©^/pr"'" 

where 1 < e^i < • • • < ein{i) are positive integers. Corresponding to the decomposition ()20p we 
write the base point .g = go © 5i © ■•■ © ffm with go G Z'' and gi G G{pi) for i > 1. If gij is the 
component of gi in TLjp^^^ , then it follows from (1), (2) and (3) that we may assume that = p^'J 
for some integer < Sij < . Using (3) and (4) we deduce that r = 1 in ([20|) and that go = k ^ 
by (2). We may assume that fc > 1 by (1). Then using (3) and (5) we deduce that for each 
1 < i < m, < Si j+i — Sij < Cij^i — Cij for 1 < j < n{i). Finally, from (3) and (6) we see that k 
is divisible by the product pj^"*^' ■ • Therefore {G,g) is isomorphic to one of the pointed 

groups on the list Q. 

Conversely, we shall prove that if (G, g) belongs to the list Q then (G, g) is weakly rigid. This 
is obvious if G is torsion free i.c for ({0}, 0) and (Z, fc) with fc > 1. 
Let us consider the case when G is a torsion group. Since 

m 

End(G(pi) ® ■ • ■ © G(p^), ffi © ■ • ■ © 5m) = End(G(p,), 5i) 

1=1 

it suffices to assume that G is a p-group, 

{G,g) = (Z/p^i ©•••©Z/p^",p«i ©•••©p«") 

with < Si < Ci for i = 1, n and < Si_|-i — s^ < ei+i — for \ < i < n. For each < i, j < n 
set Cij = maxjci — Cj, 0}. It follows immediately that s; < Cij + Sj for all i ^ j. Let a G End(G, g). 
It is well-known that a is induced by a square matrix A = [uij] G M„(Z) with the property that 
each entry is divisible by p'^'^ and so aij = p'^^^bij for some bij G Z, see [16]. Since a{g) = g, 
we have X]j=i bijp'^^^'^^^ ~ p** in Z/p*^* for all < i < n. Since e^- + Sj > s^ for i ^ j and > s^ 
we see that ha — 1 must be divisible by p for all 1 < z < ti. Since det(A) is congruent to 6ii • • • 6„„ 
modulo p it follows that det{A) is not divisible by p and so a G Aut(G) by |16j . 

Finally consider the case when (G, .g) = (Z © G{pi) © • ■ • © G{pm), k ® gi ® ■ ■ ■ ® gm) ■ If 
7 G End(G, g) then there exist ai G End(G(pi), gi) and di G G{pi), 1 <i < n, such that 7(a;o©a;iffi 
...(BXm) = a;o©(ai(a;i)-|-a;o(ii)ffi...ffi(am(a;m)+a;oc'in)- Note that if each ai is an automorphism then 
so is 7. Indeed, its inverse is 7~"^(xoffi ) = Xo®{a^ ^{xi)+XoCi)®...®{amiXm) ^+XoCm), 

where q = ~a~^{di). Therefore it suffices to consider the case to = 1, i.e. 

(G,g) = (Z©Z/p^i ©■•■©Z/p"",A:©p^i ©•■•©p^"), 

and {G,g) is on the list Q (c). In particular A: = p-'"+^^ for some £ G Z. Let 7 G End(G, .g). Then 
there exists a G End(G(p)) and d G G(p) such that 7(^0 (B x) = xq (B {a{x) + xod). Just as above. 
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a is induced by a square matrix A E Mn{'^) of the form A = [feyp'^'^] G A/„(Z) with hij G Z, 
Cij = maxjci — Gj, 0}. Since 7(3) — g wc have that p^"~^^£di + foyP'^"'''*^ = P*' in Z/p*^' for 

all < i < n, where the di are the components of d. By reasoning as in the case when G was a 
torsion group considered above, since s„ + 1 > Si for all 1 < i < n, + Sj > Si for all i ^ j and 
> Si, it follows again that each ba ~ 1 is divisible by p and that the endomorphism a of G{p) 
induced by the matrix A is an automorphism. We conclude that 7 is an automorphism. □ 

Proof of Theorem \1.5\ 

Proof, (ii) and (iii) Let D be a unital Kirchberg algebra such that D satisfies the UCT and K^,{D) 
is finitely generated. Then D is KK-semiprojective by Proposition 13. 141 and KK{D, D)^^ = {a G 
KK{D,D) : Kt{a) is bijective}. In conjunction with Theorem 13.11 this shows that all unital 
*-endomorphisms of D are KK-equivalences if and only if both {Ko{D),[l£)]) and {Ki{D),0) 
are weakly rigid. Equivalently, Ki{D) = and {Ko{D), [Id]) is weakly rigid. By Theorem 17.61 
{Kq{D), [Id]) is weakly rigid if and only if it isomorphic to one pointed groups from the list Q of 
Theorem 11.51 We conclude the proof of (ii) and (iii) by applying Theorem II .41 

(i) By Theorem I 1 . 1 I both O2 and Ooo have the automatic triviality property. Conversely, suppose 
that D has the automatic triviality property, where D is a unital Kirchberg algebra satisfying the 
UCT and such that K^,{D) is finitely generated. We shall prove that D is isomorphic to cither O2 
or Ooo- 

Let y be a finite connected CW-complex and let t : I? ^ C!{Y) (g) D he the map L{d) = 1 (g) d. 
Let [D, C{Y) (g) D] denote the homotopy classes of unital *-homomorphisms from D to C{Y) (g) D. 
By Theorem O the image of the map A : [D, C{Y) ® L»] ^ KK{D, C{Y) D) defined by 
[if] 1-^ KK(lp) — KK{l) coincides with the kernel of the restriction morphism p : KK{D, C{Y) (g) 
D) KK{CId,C{Y)®D). 

We claim that ker p must vanish for all Y . Let h G kerp. Then there is a unital *-homomorphism 
(f : D ^ C{Y) (E) D such that A[(/3] = h. By Theorem II. 41 each unital endomorphism of D induces 
a KK-equivalencc. Therefore, by Proposition 16. II there is a *-homomorphism 4> : Z) ^ C{Y) ® D 
such that $y G Aut(i:») for all y G F and /\A'($) = KK{(p). Therefore A[$] = KK{<^>) - 
KK{i) = h. By hypothesis, the Aut(D)-principal bundle constructed over the suspension of Y 
with characteristic map y i— > <i>j^ is trivial. It follows then from |17l Thm. 8.2 p85] that this map 
is homotopic to the to the constant map Y —>■ Aut(£') which shrinks Y to idjj. This implies that 
$ is homotopic to l and hence h = 0. 

Let us now observe that kerp contains subgroups isomorphic to IIom(A'i(£'), A'i(D)) and 
Ext{Ko{D), Ko{D)) if F = T, since D satisfies the UCT. It follows that both these groups must 
vanish and so Ki{D) = and Kq{D) is torsion free. On the other hand, {Kq{D), [Id]) is weakly 
rigid by the first part of the proof. Since Kq(D) is torsion free we deduce from Theorem 17.61 that 
either Kq(D) = in which case D ^ O2 or that {Ko{D), [Id]) — (Z, fc), fc > 1, in which case 
D = Mk(Ooo) by the classification theorem of Kirchberg and Phillips. 

To conclude the proof, it suffices to show that kerp ^ if D = Mk{Oao), k > 2 and Y is 
the two-dimensional space obtained by attaching a disk to a circle by a degree-fc map. Since 
Ko{C{Y) (g Ooo) = Z © Z/A; we can identify the map p with the map Z © Z/fc Z © Z/fc, x ^ kx 
and so ker p = Z/fc 7^ if fc > 2. □ 
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Added in proof. Some of the results from this paper are further developed in Theorem 11.21 
was shown to hold for all stable Kirchbcrg algebras D. The assumption that X is finite dimensional 
is essential Theorem ll.il Theorem 11.51 (ii) extends as follows: O2, Ooo and B (g) Ooo, where _B is a 
unital UHF algebra of infinite type, are the only unital Kirchbcrg algebras which satisfy the UCT 
and have the automatic triviality property. 
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